
ULTIMATE SHEAR OF BEAMS STRENGTHENED
WITH CFRP SHEETS

U. Ianniruberto and M. Imbimbo

Department of Civil Engineering, University of Rome “Tor Vergata”
Via di Tor Vergata 110, 00133, Rome, Italy

SUMMARY:  The role of externally applied CFRP sheets in the evaluation of the shear
strength of a reinforced concrete element is analyzed. With regard to this an analytical model
is developed. It represents an extension of an existing model for the limit analysis of thin-
webbed reinforced concrete beams falling in shear. A numerical analysis is performed to
investigate on the influence of the mechanical and the geometrical parameters of the
composite sheets on the ultimate shear capacity of the RC beams.
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INTRODUCTION

Carbon fiber reinforced plastic (CFRP) sheets are being widely used in the recent years for the
flexural and the shear strengthening of reinforced or prestressed concrete structural elements
such as columns, beams or slabs. The principal advantages of using CFRP sheets are their
high corrosion and chemical resistance, light weight and high tensile strength. However the
reason which makes this solution more convenient and competitive with respect to the
traditional techniques, such as strengthening with steel plates or replacement of structural
elements, is the possibility of realizing the CFRP solution with very low construction time and
high simplicity of installation.
The CFRP sheet is bonded to the concrete surface by an epoxy adhesive. The flexural
strengthening involves the tensile surface of the elements, which are generally placed at the
bottom of beams or slabs, while the shear strengthening involves both the bottom and the
lateral surface of the beam web. In the case of columns the CFRP sheets are usually wrapped
around the entire surface of the elements in order to provide a better confinement.
An extensive literature is available with regards to the modeling of the flexural behavior of
reinforced concrete beams strengthened by CFRP sheets; on the contrary the shear behavior
still needs a better understanding especially for what concerns the prediction of the CFRP
sheets contribution to the shear strength of RC beams.
There are some contributions which analyze the ultimate shear behavior of beams without any
transverse reinforcement and strengthened by CFRP sheets. Among these, the work [1]
discusses the analogies, before after cracking [2], between the behavior of ordinary concrete
beams reinforced with stirrups, and the response of beams reinforced only with CFRP sheets.



The study shows that the shear cracking region is not affected by the application of the
composite sheet and the composite strain level increases significantly after a load value close
to the ultimate strength of the unwrapped beams. Two other interesting results are worthy to
be observed: a) during all the tests the fabric does not debond prior to failure, b) the beams
crush because of the concrete failure before the fabric reaches their tensile capacity. The test
results lead to define a method able to estimate the contribution of the fabric to the shear
strength taking into account the fibers inclination to the beam axis.
The strengthening of concrete beams reinforced in shear is investigated experimentally in [3].
Eight beams are tested to evaluate the increment of shear strength provided by unidirectional
side strips placed either perpendicularly or diagonally to the beam axis. The influence of the
fibers inclination on crack propagation, shear strength and stiffness is analyzed.
The object of the present paper is to propose an analytical model which provides the ultimate
shear strength of RC beams with transverse reinforcement and strengthened by CFRP sheets.
The effect of the application of CFRP sheets on the shear response of RC beams is analyzed
with a special concern to the variability of the principal geometrical and material parameters,
such as the fibers orientation and the composite mechanical ratio. An effective modeling of
the contribution of the composite sheet should account for the above factors as well as
consider the possible interactions with the resisting mechanisms of the ordinary RC beam
such as the truss, the beam and/or the arch mechanisms.

THE ANALYTICAL MODEL

The analytical model proposed herein represents an extension of the truss model with crack
friction [4] presented in [5-7] which allows allows to study the ultimate shear behavior of
reinforced and prestressed concrete I-beams. The model starts with the assumption of fixed
crack pattern and crack shape through the beam shear span. In this work the case of flexure-
shear cracks is considered and the crack spacing is considered the same provided by analyzing
the unwrapped beam. The model assumes a crack surface loaded by a shear and a normal
stress fields dependent on the crack slip and opening. The general assumptions of the model
reported in [5-7] remain unchanged. Strictly speaking the shear failure of the beam is
governed by yielding of the stirrups and the fabric does not reach its tensile capacity at failure.
Moreover the stiffening effect of the concrete on the fiber is not considered and the top sheet
anchorage is assumed to sustain the fabric load without slip.
The model is based on six equilibrium equations. The evaluation of the various contributions
requires three compatibility conditions and the definition of the constitutive laws for the basic
materials and the aggregate interlock. This allows to evaluate the stress level in fibers and on
crack surface at failure and hence identify the collapse condition and the ultimate shear
strength by checking the sheet strain admissibility.
The proposed model does not include the compression flange contribution which has to be
added to obtain the ultimate shear stress of the beam.

Equilibrium equations

In Fig. 1 are shown the forces acting on a single strut due to the different shear resistance
mechanisms. The distributed couple m is given by

)cot(sinsbm nnnt ϕσ−σϕ= (1)



M

T T

t

V
N

Mstcomp

Ubs
f

Q

P

m
Tcomp

Tst
Q

P

b

(p-b-f)

f

z

zcotf

(p-b-f)sinz /sin(f)

f
sin

z

dwl

B

B

B

Fig. 1.: Actions on a single strut

where ϕ is the crack inclination to the beam axis, σnt and σnn are the shear and the normal
stress fields acting on the crack surface, NB and MB represent the axial load and the bending
moment due to the strut bending response, Mdwl is the couple due to the dowel action, Tst and
Tcomp are the stirrup and the composite action, b is the web thickness, z is the internal couple
lever arm and τu is the nominal ultimate shear stress.
The model defines two sets of equilibrium conditions: the first referring to the equilibrium of
the inclined strut, the second referring to the equilibrium of the upper and lower joints of the
strut.
The following equilibrium conditions are analyzed:
•  rotational equilibrium of the inclined strut with respect to the point Q;
•  rotational equilibrium of the inclined strut with respect to the point P;
•  longitudinal equilibrium of the inclined strut;
•  equilibrium of the upper joint (Q)
•  longitudinal equilibrium of the lower joint (P);
•  transversal equilibrium of the lower joint (P).
The introduction of the composite sheet modifies all the equilibrium equations except the
rotational equilibrium of the strut with respect to the point P and the equilibrium of the upper
joint. Therefore the equilibrium equations are rewritten by taking into accounts the composite
contribution.
The rotational equilibrium of the inclined strut with respect to the point Q yields:
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where the single resistant contributions to the ultimate shear are explicitly included:
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In Eqn. 6, ρst and fsy are the geometrical stirrup ratio and the yield strength of the steel. In Eqn.
7, ρcomp and σcomp are the geometrical ratio and the stress in the sheet.
The horizontal equilibrium of the inclined strut provides:
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Let N be the axial load in the direction of the principal compression field inclined of α to the
beam axis. Then the horizontal equilibrium of the joint P in Fig. 1 provides:

βσρ+α=τ coscos
sb

N
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Defining )sinsb(N α=σ , Eqn. 10 yields:
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The transversal equilibrium of the joint P provides:

β+α= sinTsinNT pomcst (12)

By using Eqn. 10, Eqn. 12 becomes:
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Compatibility equations

For the ordinary reinforced concrete beam two compatibility conditions are necessary: a) the
overall shear-induced strain in the longitudinal direction is negligible, b) the average concrete
strain in the transversal direction equals the average stirrup strain.



The application of the CFRP sheets requires to consider a further compatibility condition
expressing the equality between the average composite strain in the fiber direction εξ

comp and
that of the concrete in the same direction εξ

c. This condition can be expressed as follows:

cpomc
ξξ ε=ε (15)

The average concrete strain εξ
c includes a contribution, named εξ

cr, derived from the crack
pattern according to a smeared crack approach, and a contribution, named εξ

d, associated to
the diagonal compression field of the strut. Thus:

dcrc
ξξξ ε+ε=ε (16)

The expression of εξ
cr , derived from the Fig. 2, is:
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where tmδ  and nmδ  are respectively the average crack slip and opening.
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Fig. 2: Crack and strain directions

The term εξ
d can be derived from the Cauchy expression:

2
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where 1ε  and 2ε  are the principal strains related to the diagonal compression field related by
the expression:

21 νε−=ε (19)

Eqn. 19 becomes:
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The expression (17) and (20) lead to the following expression for the average composite
strain:
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Constitutive laws

The constitutive laws for the aggregate interlock, the solid concrete between the diagonal
cracks, the stirrup-to-concrete bond slip and the dowel action are those assumed for the
ordinary reinforced concrete beam proposed by [5-7]. The introduction of the CFRP sheets
introduces the further unknown σcomp related to εξ

comp by the CFRP sheet linear elastic
constitutive law. Since in this work the tension-stiffening effect due to composite-to-concrete
bond is neglected, the local value of the strain in the sheet is equal to its mean value
anywhere.

NUMERICAL RESULTS

The proposed model is applied to analyze the ultimate shear response of a beam reinforced by
CFRP sheets. Within this scope the parameters investigated are the fiber orientation β and the
composite mechanical ratio ωcomp given by:
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The numerical investigation concerns a reinforced concrete beam with a 300x700 mm2

rectangular cross section with ρst=0.00335 and a stirrup diameter equal to 8 mm. The concrete
strength is 30 MPa with a maximum aggregate size equal to 20 mm. The steel yield strength is
equal to 440 MPa with an elastic modulus of 210000 MPa. The total area of the longitudinal
reinforcement is 3118 mm2. The angle of the inclined concrete strut is assumed to be 45° to
the beam axis. The composite ultimate strain is equal to 1.1%.
The equilibrium, compatibility and constitutive conditions provide a system of non-linear
equations which is solved iteratively by means of a Fortran computer program.
In Fig. 3 is reported the variation of the ultimate shear stress τu with the composite mechanical
ratio ωcomp. In the figure the ultimate shear stress τu is non-dimensionalised with respect to the
ultimate shear stress τuo of the unwrapped reinforced concrete beam. The analyses are
performed for different values of the fiber orientation β; particularly in the figure are reported
the results related to °°°°°°=β 90,80,70,60,50,45 .
The figure shows that, for each value of the fiber orientation β, the non-dimensional ultimate
shear stress τu/τuo increases by increasing the composite mechanical ratio ωcomp, thus
evidencing the improvement of the ultimate shear capacity of a reinforced concrete beam
provided by the introduction of CFRP sheets.
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Fig. 3: Influence of composite mechanical ratio on shear strength

In Fig. 4 is reported the variation of the composite contribution ∆τcomp to the ultimate shear
stress with the composite mechanical ratio ωcomp for °°°°°°=β 90,80,70,60,50,45
In the figure the composite contribution ∆ τcomp is non-dimensionalised with respect to the
ultimate shear stress τu.
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Fig. 4: Influence of composite mechanical ratio on composite contribution

The Fig. 4 shows that, for each value of the fiber orientation β, the non-dimensional
composite contribution ∆τcomp/τuo increases by increasing the composite mechanical ratio
ωcomp. It is worthy to observe that the curves are characterized by a decreasing gradient. This
means that for high values of the composite mechanical ratio ωcomp, the increasing of the
composite contribution percentage is less than that related to low values of ωcomp.
Another interesting result which can be derived from the above figures is that the efficacy of
the composite reinforcement is strongly affected by the fiber orientation. The values of β
ranging around 60° represent the optimal orientation which definitively maximizes the
ultimate shear capacity of the beam. This result can be explained by the fact that the
composite performance is optimal when the fibers are oriented normal to the direction of the
principal compressive stress of the concrete strut. In the case of the reinforced concrete beam



herein analyzed the direction of the principal compressive stress is practically unaffected by
the fiber inclination and is slightly dependent on the composite mechanical ratio. It varies
from 30° to 38° in the ωcomp range 0.008÷0.032. This means that the direction normal to the
direction of the principal compressive stress varies from 52° to 60° which represent the values
of the fiber inclination maximizing the ultimate shear capacity of the beam and the composite
contribution. The above result is also shown in the Figg. 5 and 6.
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Fig. 5: Influence of fiber orientation on shear strength
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Fig. 6: Influence of fiber orientation on composite contribution

In Fig. 5 is reported the variation of the ultimate shear stress uτ  with the fibre orientation β. In
the figure the ultimate shear stress τu is non-dimensionalised with respect to the ultimate shear
stress of the ordinary reinforced concrete beam τuo. The analyses are performed for different
values of the composite mechanical ratio ωcomp; particularly in the figure are reported the
results related to ωcomp=0.008, 0.016, 0.024, 0.032.
In Fig. 6 is reported the variation of the composite contribution ∆τcomp to the ultimate shear
stress with the fiber orientation β. In the figure the composite contribution ∆ τcomp is non-
dimensionalised with respect to the ultimate shear stress τu. The analyses are performed for
ωcomp=0.008, 0.016, 0.024, 0.032.



Figg. 5 and 6 show that, for each value of the composite mechanical ratio, the ultimate shear
capacity and the composite contribution percentage are maximum for values of β ranging
around 60° while they assume smaller values for different values of β.

CONCLUSIONS

In this paper is proposed an analytical model to evaluate the shear strength of RC beams
strengthened by CFRP sheets. The proposal represents an extension of an existing truss model
for the limit analysis of thin-webbed ordinary reinforced concrete beam which account for the
individual contributions to the beam shear capacity.
The proposed model includes the CFRP shear resisting contribution and accounts for the
mechanical and geometrical parameters characterizing the composite sheets such as the fiber
orientation and the composite mechanical ratio. The influence of these factors is analyzed by
means of a numerical analysis which allows to define the design parameters which optimize
the performance of the reinforced beam in terms of the ultimate shear capacity. The main
result is that the composite arrangement is optimal in terms of the ultimate shear capacity of
RC beams when the fibers are oriented normal to the direction of the principal compressive
stress of the concrete.
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