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SUMMARY: The main purpose of this paper is to show the reliability and the accuracy of
ultrasonic elastic behaviour characterisation. Firstly, the main principles of ultrasonic NDE,
i.e., an inverse problem which involves an optimal recovery of the complete stiffness matrix
from time of flight measurements, is briefly reviewed. The numerical processing of the wave
velocities data, which enables the identification of all the stiffness coefficients of an
orthorhombic material, is described. The reliability and accuracy of the identification are
discussed.
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INTRODUCTION

Because of their texture, composite materials are strongly anisotropic. Measurement of the
nine elastic constants constituting the stiffness matrix by the classical static technique -
loading and extensometry - requires a large number of samples with suitable orientations.
However, such sample cuts are often unavailable from the manufacturing process and a full
evaluation cannot be achieved this way. Ultrasonic bulk waves NDE appears nowadays as one
of the best approaches in experimental solid mechanics. But as ultrasonic values are related to
the stiffness constants, comparison between the two methods involves a matrix inversion. So,
because such a full comparison is not always possible, mechanical engineers had a little
confidence in ultrasonic results.
The determination of the elastic properties of elastic anisotropic solids has been tackled first
by using measurements of ultrasonic phase velocity along predetermined directions of high
symmetry. Simple expressions relate particular elasticity constants, or combinations thereof,
to individual velocities[1-3]. However, these ultrasonic contact methods that require as well
cutting the sample in various directions to allow access to all constants, are sensitive to the
error propagation in calculations. Transmission of bulk waves through materials immersed in
water is better appropriated to measure the stiffness tensor [4,5]. By using mode conversion at
a liquid-solid interface, one quasi longitudinal and two quasi transverse bulk waves can be
generated and transmitted in numerous directions in the solid [6]. The phase velocities of bulk
waves in the medium are related to the elasticity constants of an anisotropic medium through



the well-known Christopher equation [6]. By inverting this equation, the elasticity constants
can be determined from a suitable set of experimental velocities for various directions.
The main difficulty is related to the convergence of the inversion algorithm. Clearly the
difficulties of convergence decrease as the number of unknowns decreases. This explains that
the orthorhombic symmetry is considered as general enough to describe the anisotropy of
most of composite materials. This class of symmetry is indeed characterised by nine
independent moduli if the coincidence between the symmetry axes and the geometric axes of
the sample is assumed. However, difficulties of convergence remain when simultaneous
determination of the nine stiffnesses is carried out. The problem of nine unknowns is then
reduced to one direct calculation followed by two problems of three unknowns and then by a
problem of two unknowns [7]. These three minimisations do not pose any difficulty of
convergence and classically identify the nine moduli of a material that presents a symmetry
greater than orthorhombic symmetry, for example tetragonal or isotropic symmetry.
Questions still remain regarding the suitability of this method for elastic property
characterisation. Of particular concern is the sensitivity of experimental measurements to all
moduli and, since one is dealing with a system of non-linear equations, error propagation in
calculations. A possibility is to recognise a posteriori, from variances and covariances
delivered by the optimisation procedure, which stiffnesses have been most accurately
recovered and which lessso.
The establishing of the ultrasonic characterisation reliability requires the full characterisation
of a composite for which, because of its very good homogeneity at the frequencies used, the
accuracy enables the matrix inversion. The inversion of identified stiffness coefficients gives
the value of the Young modulus in the fibre direction. It is to be compared with the
measurements realised on the same sample by extensometric tensile test.

ULTRASONIC CHARACTERISATION

In anisotropic solid exhibiting a purely elastic behaviour, the stress-strain relationship is:

σ εij = ijkl kl ,C    (1)

Substituting a small displacement field of anelastic plane bulk wave [6] :
U ( X , t ) = a . P  exp . ik ( n . X − Vt )  (2)

where the displacement field U at any point X at the time t appears to be a plane wave with an
amplitude a, the polarisation vector P, travelling in the direction n with the phase velocity V,
and where the frequency f and the wave number k are related through the dispersion equation
k = 2¹f/v, into the equation of motion leads to the wave equation written under the Christoffel
form:

Γ ρ δij -   V2 ij  Pj 0,=



  (3)

with Γij = Cijkl nk nl, i, j, k, l = 1, 2, 3 and where ρ is the density. Since the operator Γijis
symmetric, its eigenvalues ρV2 are real and the respective eigenvectors P are mutually
orthogonal. So, three modes can propagate along the direction n with three different velocities
and their associated polarisation vectors. For special propagation directions such as the
material principal directions, they are reduced to pure modes: longitudinal when P = n or
transverse when P.n = 0. In the general case, modes are not pure: one quasi longitudinal
(QL),a fast (QT1) and a slow (QT2) quasi transverse waves are excited. Their velocities are
the solution of the following third-degree equation in the unknown ρV2:

det Γ ρ δij -   V2 ij = 0 . 



 (4)



If the phase velocities for a given propagation direction n are known, the stiffnesses (Cijkl)are
obtained by inverting Eq. (4). Every measured wave speed Vp is approximately the solution of
the non-linear cubic equation, expanded form of the Christoffel equation. Due to the
experimental errors, the following function is close to zero:

f p CIJ, λp, n( )= -λ p
3 + λp

2 Γ11+ Γ22 +Γ33( )+ λp Γ12
2 +Γ13

2 + Γ23
2 - Γ11 Γ22 - Γ11 Γ33

 
 
  

 
 

+λ p -Γ22 Γ33( )+ Γ11 Γ22 Γ33+ 2  Γ12 Γ23 Γ13 - Γ11 Γ23
2 - Γ22 Γ13

2 - Γ33 Γ12
2  ≈  0, (5)

where λp=ρ Vp
2 and p=1 to N, N is the total number of measurements. Identification of the

elasticity constants from wave speed measurements in various propagation directions is
performed by minimising the functional:

F(CIJ ) = f p CIJ, λp, n( ){ }2

p = 1

N

∑ (6)

build from the overdetermined system of equations(5). N is generally greater than the number
of unknowns.
Recovering the full set of the components of the stiffness tensor is an inverse  problem of the
secular equation (4). Elasticity constants have to be recovered as the coefficients of the
secular equation from suitable sets of experimental values of its roots ρV2 in various
directions n. It is quite a classical problem in numerical analysis which is solved by an
optimisation algorithm under some constraints of a non-linear functional in the sense of the
least squares [5, 6].

ACQUISITION OF ULTRASONICWAVES

Wavespeed measurements are performed by using ultrasonic pulses which a retransmitted
through a plate immersed in water, Fig. 1. Ultrasound was generated and sensed by a pair of
piezoelectric transducers supported by goniometers which allow one to select any propagation
direction ni of incidentwave. The coordinate system R=(x1, x2,x3) for ultrasonic
measurements is chosen in such a way that axis x1 corresponds to the normal to the interface.

ψ 

Liquid
Solid

Longitudinal 

Transmitted  

Waves

Longitudinal 

Reflected 

 Wave

QL

QT2

Longitudinal 

Incident 

 Wave

Interface

X 1

X 2

X3

θ i

Interface

QT1

Fig. 1: Simple-transmission experiment. The incident plane is defined by the azimuthal angle
Ψ.

For an oblique incident angle, the longitudinal incident pulse is refracted at the liquid-solid
interface and generates one, two or three waves that propagate with different velocities along
the directions n=nm, m=1, 2 or 3. So 1, 2 or 3 modes reach the receiver with time delay
depending on their respective velocities. Continuity of displacements and constraints at the



interface gives the number of waves effectively generated in the solid. The incident wave in
water is obviously a pressure wave. With such an incident wave, the Snelllaws of refraction
show that only the two QL and QT2 modes are generated if the incident plane coincides with
a plane of symmetry. In this case, the third wave of pure transverse character has a particle
displacement parallel to the surface of the sample and cannot be generated [6]. Furthermore,
whatever the plane of incidence, the wavespeed in water is usually less than any mode
wavespeed in the solid. So, limit angles of incidence occur for which the refracted wave in
the solid becomes evanescent and does not reach the receiver. Consequently, wavespeed data
are   angular areas inside which the transmitted amplitudes through the two interfaces, as
shown in figure 2, have an appropriated signal /noise ratio.
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Fig.2: Transmission coefficients for the three modes in a Ψ = 45  plane versus incidence angle.

Choice of the frequency

Most composite materials contain voids, pores or micro-cracks in elation to their
manufacturing process and texture. As long as their size and the texture scales are small
compared to the wavelength, the wave attenuation is an anisotropic diffusion process. In the
low frequency range, the medium will act as a low-pass filter decaying with a parabolic
profile. Its cut-off frequency is in close relation [8] with the scatterers' effective area and their
concentration.

Fig. 3: Transfer function at normal incidence of a2D C-SiC composite material.

At higher frequencies, as shown on figure 3, resonances and anti-resonancesappear in
connection with the structural scales. The transition frequency and the exponent in the
parabolic part are well related to the porosity andthe mean size of the voids [9, 10]. Of course,
above this frequency, the medium may no longer be assumedhomogeneous and the
Christoffel's equation does not apply.
Successful application of the method depends critically on an appropriate selection of the
central frequency. Frequency has to be sufficiently low for the measurement to be
representative of the elementary volume response but at the same time high enough to achieve
a separation between the QL and the QT waves.



The limitations to the application range ofthis technique are essentially of dimensional order.
The wave length of the generated wave shall be short enough for the assumption of a semi-
infinite body to be met. The spectral range is limited for the high frequencies (i. e. the short
wave lengths) by a strong absorption and bythe fact that the requirement of homogeneity with
regard to structural scale of the material is not respected. Theexperimental frequency-range
being sometime very narrow, temporal overlapping of signals becomes important and the
echoes which are in themulti-mode reflected pulse, cannot be easily separated.
The central frequency will have an upper upper limit value : f << V/d where d is a
characteristic dimension for example the thickness of a layer, and alower limit value : f > 3 V
/ 2 e where e is the thickness of the sample; this lower limit will depend on the time duration
of the impulsionnal response and will allow the separation of multiple echoes which overlap
because of : internal reflections, mixing of modes or scattering.
The temporal and spectral waveforms are sometimes quite different that a homogeneous
plate's ones, see for example the one of a 3D EvoC/C at  2,25 MHz frequency (Fig. 4). We
can see the generation of two modes at normal incidence.

Mode 1
Mode 2

Fig. 4: .Temporal waveform at 2,25 MHz of a 3D Evo C/C.

Assumption of homogeneous material, associated with propagation of bulkwaves, is available
under a high cut-off frequency near to 5 MHz. The generation, below the high cut-off
frequency, of a guided mode of which the low cut-off frequency is between 1 MHz and 2
MHz, justifies the simultaneous presence of two waves in the temporal waveform of the
3DEvo C/C at 2.25 MHz or 5 MHz frequencies. The existence of an optical mode(guided
mode) at low frequencies, below the high cut-off frequency of the acoustical mode, is often
detected in 3D C/C composite [11]. The mode 2 corresponding to a bulk wave is the only one
generated below the low cut-off frequency of the guided mode. The high value of the cut-off
frequency of the bulk waves (> 5 MHz) and of the low cut-off frequency of the guided mode
(> 1 MHz) allow an elastic evaluation of the 3D Evo C/C by immersion interferometer.

phase velocity measurements

An appropriate signal processing of the received pulses is performed by using a reference
signal propagating in water without the sample [4]. The time-of-flight difference [4] between
reference (through fluid) and through the sample (at incident angle θi) acoustic paths is given
by:

δt =   e
V0

 cos θi  - 
V0
V

 
 

 
  - sin θi

  

 
 

 

 
  ,

(7)

where V0 is the sound speed in water and )i ,1(=i nx  is θ the incident angle. As
demonstrated for this experimental device [12], the time delay caused by the presence of the
anisotropic plate is equal to the time for an acoustic wave propagating with the phase velocity
inside the material. The phase velocity in the sample is then determined from the time-of-
flight difference δt measurement:

V = V0

1 + 
V0  δt

e
 

V0  δt
e

 - 2 cos θi
 
 

 
 

 
. (8)



When the thickness of the plate is comparatively too small to the wavelength or when
scattering due to the material inhomogeneities is too large, signal processings become
inaccurate and even ineffective. Waves overlapping due to multiple reflections or mode
conversion at interface donot allow the spatial or temporal separation of different modes.
Identification of the stiffness tensor suffers from inaccuracy of time-delay measurements
caused by mode mixing. The success of the (CIJ) determination rests on the ability of the
signal processing to improve the time resolution of overlapped waves when dispersive effects
are present[13]. The choice of the central frequency of transducers according to the
characteristic length of the material is crucial.
Among the signal processings used for the time-delay δt measurements, the location of the
vertical asymptote of the Hilbert transform is from many points of view the most appropriate
to the non destructive evaluation of the elasticity constants [13]. The best resolution of
overlapped waves enables one to decrease the smallest measured value of the temporal shift
between the modes, and consequently to decrease the central frequency of the transducers
chosen in regard to the scattering effects. This signal processing measures phase velocity
corresponding to the lowest frequencies included in the signal bandwidth. This unambiguous
measurement of phase velocity leads to the determination of the stiffnesses independently
from the attenuation mechanisms. On the contrary, when dispersion is significant ,cross-
correlation processing gives values that one can link neither to group velocity nor to phase
velocity [13] without additional assumptions on attenuation mechanisms.
Using the Hilbert transform the velocity at normal incidence (θi=0¡) is measured from the
time-of-flight difference δt’ between the through-sample and the fluid paths. The time delay
δt of a wave at arbitrary oblique incidence (θi-0¡)is: δt = δt*+ δt’, where δt* is the time delay,
obtained by the Hilbert transform, between this signal and the signal at normal incidence.
Taking the transmitted signal at normal incidence as reference [12, 13] improves the accuracy
of the δt measurement. The advantage of such a method is especially important when
dispersion effects are present. The shapes of the transmitted signals to be compared are closer.

Phase velocities Vp at incident angle θi, imposed by the goniometers, are collected in
several incident planes (x1, ΨΨΨΨ), where Ψ is the azimuthal angle (Fig. 1). The number of these
experimental data isalways greater than the number of elasticity constants to be identified.
Since the refraction angles θr =(x1, nm), m=1, 2or 3, of the phase velocities are directly related
to the angle of incidence through Snell-Descartes' laws, calculation ofVp from Eq. (8) allows
the building of the system (6).

RECOVERING OF THE STIFFNESS TENSOR.

The maximum number of independent elasticity constants is twenty-one for any medium.
Usually this number is less because of additional restrictions imposed by the symmetry of the
medium. The orthorhombic symmetry is considered as general enough to describe the
anisotropy of most of composite materials. Respectfully this assumption on the material
symmetry that imply existence of three mutually orthogonal planes of symmetry, if the
knowledge of the material symmetry axes and the coincidence between the symmetry axes
and the geometric axes of the sample are assumed, and using the abbreviated subscripts
notation, the elasticity tensor (CIJ) is expressed by the nine non-zero components of a
symmetric (6 x 6) matrix:

CIJ( ) =  

C11 C12 C13 0 0 0
C22 C23 0 0 0

C33 0 0 0
C44 0 0

Sym. C55 0
C66

  

 

 
 
 
 

  

  

 
 
 
 (9)

According to the degree of material anisotropy, the number of unknowns that is the number of
independent elasticity constants, varies from two to nine for the isotropic to the orthorhombic
symmetry.
Simultaneous determination of the nine moduli from Eq.(6) and from the set of experimental
velocities measured in the planes (x1, x2), (x1, x3) and (x1, 45¡) can be performed [14]. But,



the domain of convergence is sometimes too narrow. To improve the convergence of the
inversion algorithm, the stiffness tensor is identified by several steps. The planes of wave
speed measurements are treated separately.
The stiffness C11 is determined directly from the phase velocity measured at normal incidence.
C22, C12, C66and C33, C13, C55 are respectively identified from velocity measurements in the
two accessible planes of symmetry (x1, x2) and (x1,x3). The last step processes the data
collected in the non symmetry plane (x1, 45¡) for which Eq. (5) does not factorize. The
unknowns are reduced to the two remaining constants C44 and C23 and the previous seven
values of stiffnesses are used as data. The inverse problem is reduced to three distinct
minimisations of the factorised or non-factorised Christoffel equation. These minimisations
present no difficulty of convergence and identify the nine elasticity constants of a material
with a symmetry higher than orthorhombic symmetry.
When dealing with the propagation in one of these three planes of symmetry, Eq. (5)
factorizes, for example in the plane (x1, x2):

f p CIJ, λp, n( ) = Γ33-λ p
  
 

  
  λ p

2-λ p(Γ11+Γ22)+Γ11 Γ22-Γ12
2  

 
  
  , (10)

where the trivial eigenvalue λp(=Γ33) corresponds to a pure transverse mode polarised along
the direction x3. This wave cannot be generated from fluid in the plane (x1, x2). The subscript
QT denotes the quasi transverse mode that can be excited in the sample and measured. For the
plane (x1, x2), Eq. (5) is reduced to a quadratic equation:

fp
(12) CIJ, λ p, n( ) = λ p

2 -λ p(Γ11+Γ22)+Γ11 Γ22-Γ12
2  

 
   

 
  ,

(11)

and then, introduced in the Euclidean functional(6). When the thickness of the sample does
not allow one to collect data in the principal plane (x2, x3), only a partial set of elasticity
constants can be determined from ultrasonic measurements in the planes (x1, x2) and (x1, x3).
Therefore, a third plane, for example the plane (x1, 45¡), is introduced in the identification
process[7].
The optimum values of the stiffness coefficients, in the least square sense, are those for
which the non-linear function (4) reaches its minimum value for the whole set of
experimental data.

RELIABILITY AND ACCURACY

Questions still remain regarding the suitability of this method for elastic property
characterization. Of particular concern is the sensitivity of experimental measurements to all
moduli and, since one is dealing with a system of non-linear equations, error propagation in
calculations. The accuracy of reconstruction may been investigated by several approaches.
For example, the sensitivity coefficients, i.e., the dependence of phase velocity on elasticity
constants is estimated numerically [15], analytically by a perturbation method [16], or
pragmatically by analyzing [17] the effects of the initial guesses, experimental data random
scatter and the range of the refraction angle. Another possibility is to recognise a posteriori,
from variances and covariances delivered by the optimisation procedure, which stiffnesses
have been most accurately recovered and which less so. It amounts to estimating a confidence
interval associated with each identified constant can be calculated [18] by means of a
statistical analysis of the set of velocity measurements in each incident plane. The values
I90%(CIJ) are deduced from a linearisation of Eq. (5) around the exact solution for each
measured velocity. Since some assumptions onthe angular distribution of the deviation
between the measured and there calculated velocities are required, that does not provide an
exact calculation. Nevertheless, since these confidence intervals are sensitive[18] to the level
of experimental data scatter and to the angle range of these velocity data, that enables one to



establish the reliability of ultrasonic characterization. That quantifies the sensitivity of the
inversion algorithm for identifying elasticity constants from wave speed data.
The establishing of the ultrasonic characterisation reliability requires the comparison of its
identification with classical mechanical measurements of Young modulus. But, the
ultrasonic values being related to the stiffness constants, comparison between the two
methods involves a matrix inversion. For this purpose, we have completely characterized an
unidirectional Carbon-Epoxy sample for which, because ofits very good homogeneity at the
frequencies used, the accuracy enables the matrix inversion. The stiffness coefficients
identified, and their relative 90 % confidence interval are reported below (GPa):

 C = 

12.35 5.47 5.44
12.54 7.24 0

135.8
6.9

sym. 6.20
3.53

 ± 

0.04 0.07 0.25
0.09 0.27 0

3.9
0.359

sym. 0.10
0.06 90 % 

(12)

The solid line curves are drawn from these constants and the secular equation (4). The good
fit with the experimental data is a consequence of the very good homogeneity of this material
and its fine texture. Furthermore, in the (1,2) plane, which is not displayed here, the
anisotropy factor : 2C66 /( C22- C12) is close to one and this plane may be considered as
isotropic. So, for such a material, with long fibres along the axis 3, a hexagonal texture
described by only 5independent constants would be sufficient. However we found that C11
and C22 differ by more than 5 times their confidence interval and the same for C13 and C23.
One can say therefore that the expected six fold symmetry around the 3axis is a coarse
approximation.
The inversion then gives the value of the Young modulus in the direction 3: E3 = 131 ± 5
GPa. It is to be compared with the measurements realised on the same sample by repetition
of numerous extensometric tensile tests which give values comprised between 130 and 150
GPa.
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Fig. 5: Slownesses (µs/mm) for a
1Dcarbon-epoxy in the (x1, x2), (x1, x3)
and (x1, 45¡) planes. The points are
experimentally measured slownesses. The
solid lines are slownesses calculated from
the reconstructed elasticity constants.
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More spread data as shown on figure 6 are observed for a ceramic-ceramic SiC-SiC
composite with a coarse texture and an important porosity (around 20% in volume). Of
course, confidence intervals become larger. In such a sample only 3 mm thick along axis 1
and a 0.5 mm periodicity along axis 2 and 3, we are close to the limits of the scales of
homogeneity. Then, the ultrasonic wave velocity measurement is of less quality and it leads
to a more extended confidence interval associated to the identified constants.
For this SiC-SiC 2D sample, the stiffness matrix, and its 90 % confidence interval are in
GPa:

 C = 

169 48.3 50.3
297 148 0

331
75

sym. 58.8
57.8

 ± 

2 3.3 3.8
13 42 0

16
23

sym. 1.0
1.0 90 %

(13)

Pulses of QL and QT2 waves are time overlapped because the strong scattering of the waves
acts as a low-pass filter spreading the pulse durations. Such a material illustrates the present
limits of this technology. However inaccurate results are preferable to no results,  unavailable
by other means.
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Fig. 6: Slownesses (µs/mm) for a 2DSiC-
SiC composite in the (x1, x2), (x1, x3) and
(x1, 45¡) planes. The points are
experimentally measured slownesses. The
solid lines are slownesses calculated from
the reconstructed elasticity constants.
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Accuracy improvements in the stiffness matrix recovery are a function of two parameters: the
angular range of data and the accuracy of each wave speed value. It has been demonstrated
[17] that the latter is the main factor since the angular aperture is only stated by the refraction
laws, i.e., the wave speed ratios between water and solid. Comparison between figures 5 and
6 illustrates the fact that a small amount of accurate data in a narrow range is more suitable
than imprecise data obtained on a wider angular range.

CONCLUSION

Ultrasonic NDE of various anisotropic elastic media by bulk waves appears nowadays as one
of the best approaches in experimental solid mechanics. Itis also the only way to study
composite materials that cannot be manufactured in any other shape than laminate plates and
for which sample cuts in various directions are not available. Measurements under load also
enable considerable progress to be made in theory and assessments of damage and fracture
mechanisms.
However, to avoid errors and spurious results, the limitations of the method must be always
kept in mind. Samples must be homogeneous at all structural scales neither too thin nor too
porous Bulk wave propagation would not be correctly described by plane waves propagating
in a virtually free homogeneous space.
Furthermore, water immersion technology is, of course, limited to ambient temperatures.
Today, improvements are reported in experiments using air propagation [19] and non-contact
devices with laser generation and reception [20] more appropriated to high temperature
investigations.
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