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SUMMARY: This paper presents a method to determine the four through-thickness
stiffnesses of thick laminated composite rings cut from thick tubes. Only one ring specimen
submitted to a diametrical compression test is required. The procedure is based on a suitable
use of the principle of virtual work with four independent virtual fields. This leads to a system
of four linear equations where the through-thickness stiffnesses are the unknowns. This sytem
involves integrals of the strain components and the points coordinates. The system is finally
inverted to determine the stiffnesses. Finite element simulations have been carried out to
validate the approach and to show its stability.
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INTRODUCTION

Structural composite components in the aerospace industry are usually composed of thin plates
or shells for which the knowledge of the in-plane ply moduli are enough to design the
structure. However, the extension of composite applications in other industrial sectors such as
the naval or ground transportation fields requires the use of less costly materials such as glass
reinforced polymers, for which increased thicknesses are usually necessary to fulfil the
structural function. As a consequence, the plane stress and plane strain assumption of the
classical lamination theory does not hold any more and full 3D stress and strain states must be
taken into account for the design. It is therefore necessary for the designer to know not only
the in-plane but also the through-thickness ply moduli and strengths.
Because of the relatively new development of such structures, the measurement of through-
thickness properties has seldom been addressed by researchers on composites. A number of
mechanical tests are however available, ranging from direct tensile test on a through-thickness
waisted or non-waisted specimen [1,2] to through-thickness shear using the Iosipescu [3]
and/or the torsion test on rectangular rods and tension and/or bending on a curved specimen



[1,4]. Nevertheless, the reliability of these methods is often questionable mainly because of the
difficulty to achieve homogeneous stress states in the specimens.
The aim of this paper is to describe an alternative method allowing the determination of the
through-thickness stiffnesses from a testing configuration giving rise to heterogeneous stress
fields inside the specimen. The geometry is a thick composite ring cut in a thick composite
tube. Such structures are very important for offshore applications [5] and usual methods such
as the Iosipescu test or the direct tension test cannot be used to characterize them. The
specimen is subjected to diametral compression. This testing configuration can be easily setup
in practice using a universal tension/compression testing machine. Through-thickness stresses
occur inside the specimen and it is shown below that the corresponding stiffnesses can be
determined with a suitable identification procedure.
The main features of the method described in the present paper are the following ones:
- heterogeneous strain fields such that the whole set of unknown parameters is involved in
the specimen response are considered and processed;
- the magnitude of the applied load as well as the whole displacement or strain fields are
considered as input data;
- no analytical solution is required a priori;
- the unknown parameters are determined directly, without any iterative calculations.
It must be pointed out that most of the similar procedures available in the literature are based
on mixed experimental/numerical approaches: the response of the tested specimen is modelled
with  a finite element programme or with another approximated procedure like the Ritz method
and the unknown parameters are adjusted stepwise, in such a way that both sets of measured
and computed values of the displacements, strains or natural frequencies match as precisely as
possible (see for instance Refs. 6-10]). Initial values close to the actual ones are often required
to obtain the convergence of the process. These drawbacks are presently avoided as the
stiffnesses are determined directly.
The theoretical aspects of the procedure are described in the first part of the paper. Some
results of finite element simulations are then given for a specific specimen geometry. The
stability of the procedure is finally examined.

THEORY

Introduction

The method used herein is based on a relevant use of the principle of virtual work. It has been
introduced first by Grédiac [11] for anisotropic plate bending problems, both in statics [12] and
in dynamics [13] and for in-plane problems [14]. The whole strain field is required for such a
method. It can be obtained in practice with an optical method [15], but this point is not
developed here. The basic idea is to apply the principle of virtual work to the tested specimen
with some explicit and independent virtual displacement fields. Each new virtual field provides
a new linear equation where the stiffnesses are unknown. This leads to a linear system which
has to be inverted. This method is very general but two main difficulties arise in practice. First,
one has to define a specimen geometry where the influences of each unknown are
approximately balanced to ensure its “identifiability”. Second, a set of admissible virtual fields
leading to a well-conditioned system must be found. This will be solved in the following
sections in the case of the determination of the through-thickness stiffnesses.



Principle of virtual work with specific virtual fields

An orthotropic medium characterised by four independent stiffnesses is considered. Because of
the shape of the specimen studied below, polar coordinates are used. In this coordinate system
and assuming a linear elastic behaviour, the independent stiffnesses to be identified relate the
in-plane stress to the strain components as follows
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where σi  andεi with i,j=r,θ ,s are the components of the stress and strain tensors respectively
(the classical contraction from 2 to 1 for the stress and strain indices is used), the Q ij 's are the

stiffnesses to be determined.
The present identification method is based on the principle of virtual work which can be
written in the following form

− σijV∫ εij
*dV + T i∂V∫ u i

*dS = 0 (2)

where the convention of repeated indices for summation is adopted, V is the volume of the

specimen considered, ∂V its boundary, σ  the stress tensor, ε* the virtual strain tensor, T the

surface load density, u
*  the virtual displacement field associated to ε*

. The first term is the
internal virtual work and the second one is the external virtual work. Considering now that the
problem is an in-plane one and that the specimen is subjected to a force P applied at a point M,
equation (2) becomes

σrS∫ εr
*
dS + σθS∫ εθ

*
dS + σsS∫ εs

*
dS = Pu

*
( M )
e (3)

where e is the thickness of the specimen, S its surface, u*( M )  the virtual displacement along
the direction of the loading and P the magnitude of the load (P>0).
Introducing now equation (1) in equation (3) and assuming that the material properties are
homogeneous over the specimen

Q rr εrS∫ εr
*dS + Qθθ εθS∫ εθ

* dS + Q rθ (εrS∫ εθ
* + εθεr

* )dS + Qss εsS∫ εs
*dS = Pu *(M )

e (4)

As may be seen, a linear equation involving the four unknown stiffnesses is obtained. The
objective is now to define the shape of the specimen and at least four independent virtual fields
to build up a linear system where the stiffnesses are unknown.

Shape of the tested specimen

The choice of the specimen shape as well as of the loading conditions is somewhat arbitrary,
but it must follow some obvious rules. For instance, the specimen must be easily manufactured
and the magnitude of the three in-plane stress components inside the loaded specimen must be
approximately balanced to ensure the “identifiability” of the stiffnesses.



The geometry studied here is a thick ring obtained for instance from a thick composite tube
(see Fig. 1).
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Fig. 1: Schematic view of the ring compression test specimen

It is subjected to a unique radial force. The first point is to check that these loading conditions
are relevant: i.e. that the magnitude of the three stress components are roughly the same.
Hence, a finite element calculation has been carried out with the following material properties:

E θθ = 40 GPa , Err = 10 GPa ,G rθ = 4GPa , νθr = 0. 3 (5)

These quantities are directly related to the unknown stiffnesses
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The model has been developed with the ANSYS 5.3. package. The following dimensions of
this specimen have been used (see Fig. 1):

R 1 = 87. 5mm ;R0 = 37 . 5mm , R = 62 .5 mm , h = 50 mm , e = 50 mm (7)

Because of the symmetry of the problem, only one quarter of ring has been considered and
meshed with 1500 bilinear elements (plane42): 30 along the width and 50 along the quarter of
the circle. It has been checked with a convergence study that the results provided by the
programme are satisfactory. It was thus verified that the three stress components are of
roughly equal magnitudes, which confirms the potential "identifiability" of the four stiffness
components in this case.

Virtual fields used for the identification procedure

Introduction

The problem is now to define four different virtual fields. Note that more than four fields could
be used to obtain a redundant system, but this approach has not been retained in the present
work. The virtual fields have only to be continuous and kinematically admissible. Hence, a



wide range of choices is available for these fields, which will be defined following the general
rules listed below:
- i) the four fields must be independent to ensure the independence of the equations;
- ii) previous investigations carried out with a similar approach have shown that the literal
expression of the fields must be as simple as possible to ensure the stability and the accuracy of
the procedure;
- iii) to improve the independence of the equations, the fields must lead to partially
uncoupled equations, i.e. only some of the unknowns must appear in the equations if possible.
Ideally, the best choice should lead to an internal work in which only one stiffness is involved,
but this it is not always possible to achieve;
- iv) depending on the specimen geometry, either the whole surface of the specimen or only
one particular part can be virtually deformed. In both cases however, the area where the virtual
strain components are maximum must match as much as possible the area where the actual
stress components are maximum to reduce the influence of measurement errors on the actual
strain on the internal virtual work.
In conclusion, virtual fields can be considered as filters which emphasize the contribution of
some of the unknowns or some of the parts of the specimen to the internal virtual work. This
feature is used to define the testing configurations and to choose the virtual fields.

Virtual fields

The choice of the proposed fields is more or less intuitive and somewhat arbitrary, but it is
checked that they follow the above rules as much as possible and that they lead in practice to
the unknown stiffnesses. Each of the following fields are of the form

u*→
= ur

* e r

→
+ uθ

* eθ
→

+ K ey

→
(8)

where u r
* , uθ

*  are the virtual displacements in the natural polar coordinate system (O,r,θ ) of

the specimen (see Fig. 1), e r

→
, eθ

→
 and e y

→
 are normalized vectors along the r-, θ - and y- axes

respectively. K ey

→
 is a constant global displacement that is adjusted in such a way that point A

located at the bottom of the ring does not move. Hence, the virtual displacement field is
admissible. Note that this constant term has no influence on the virtual strain field as it vanishes
after differentiation.

- Field 1: virtual hydrostatical compression
The first field can be considered as a virtual hytrostatical compression. It is defined by

u r
* = −kr , uθ

* = 0, K = −kR 1 (9)

where k and K are any non-zero real numbers. The virtual strain components are obtained by
differentiation of the virtual displacement field using the following relationship in a given polar
coordinate system

εr = ∂ur
∂r

, εθ = 1
r

∂uθ
∂θ + ur

r ,εs =
∂uθ
∂r

+ 1
r

∂u r
∂θ −

uθ
r (10)

In the present case, the virtual strain components are



εr
* = εθ

* = −k , εs
* = 0 (11)

The virtual displacement of point M is

u*→
( M ) = −2 kR1 ey

→
(12)

Finally, equation (4) becomes
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- Field 2: virtual bending
The second field describes a virtual bending of the circle. It is built under the Euler-Bernoulli’s
assumption to eliminate the contribution of Qrr and Qss. Virtual displacements can be expressed
as follows in the natural polar coordinate system

u r
* = kr cos 2θ, uθ

* = 2k (r − R) sin 2 θ,K = −kR (14)

In this case, equation (5) becomes

Q rθ
0

2 π

∫ εr

R0

R1

∫ r − 3
4 R( )cos 2 θdrd θ + Qθθ

0

2 π

∫ εθ
R0

R1

∫ r − 3
4 R( )cos 2θdrd θ = PR

2 e (15)

- Field 3: virtual shear
The third field is such that only the shear strain is non-zero, so that only the shear modulus is
involved in the internal virtual work. In the natural coordinate system, the virtual displacement
field is

u r
* = kR cos 2θ, uθ

* = − k
2 R sin 2θ,K = −kR (16)

Equation (5) reduces to

Q ss

0

2 π

∫ εs sin 2 θdrd θ
R 0

R1

∫ = 4P
3e (17)

- Field 4: virtual swelling
The fourth field describes a swelling of the circle. In the natural polar coordinate system, the
virtual displacement field is

u r
* = k (r − R ) cos 2θ, uθ

* = 0,K = − kh
2 (18)

As a result, the four unknowns are related to the load applied to the ring
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The detailed calculations can be found in Ref. [17].

Conclusion

It has been shown that the application of the principle of virtual work with four independent
virtual fields leads to a system of four partially uncoupled linear equations where the stiffnesses
are unknown. This system can be written as follows

Aq = b Aq b= (20)

where q is the unknown vector

q : Qss , Q rr ,Q rθ, Q θ{ }t
(21)

 A is the 4x4 matrix of the linear system:
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with
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and b is the right hand side vector:

b: P.
2 R1
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e

   
   

t

(24)

As may be seen, two equations are partially uncoupled and one is completely uncoupled. This
result illustrates the above rule iii).
A system of four linear equations has been built up. The purpose of the next section is to
validate the present approach using some finite element simulations. Strain fields provided by
the finite element model of the specimen are considered as input data to compute the integrals
in matrix A. Stiffness components are finally back-identified and compared to the input values
of the finite element model to assess the accuracy and the stability of the procedure.

NUMERICAL SIMULATIONS

Identification

The output data of the finite element calculation described previously in terms of strains at the
centroid of each element are considered as input data for the identification programme.
The integrals of the strain components in matrix A are transformed into discretized sums (see
Ref. [17]). The linear system is solved in order to identify the stiffness components Err, Eθθ ,
νθr and Grθ. The magnitude of the applied load P is 200 000 N. The results are reported in
Table 1. As can be seen, the identified values agree within less than 1% to the reference values.
This results validates the procedure from a theoretical point of view.

Table 1: Actual and identified values of the stiffness components

Eθθ
GPa

Err
GPa

Grθ
GPa

νθr
-

Actual value 40.00 10.00 4.00 0.30
Identified value 40.16 9.97 4.00 0.297

Relative difference % 0.4 -0.3 0.0 -1.0

Stability

As the present identification method will be used in experimental applications, it is important to
check its stability as the strain components cannot be exactly collected in practice. Therefore,
experimental errors have been numerically simulated by adding noise to the strain components.
This noise is modelled with a truncated normal distribution of errors supposed to simulate
experimental errors. Two magnitudes have been chosen, 5% and 10% of the maximum strain
component for each of three strain components. The standard deviation of the error
distribution is also computed. These perturbated data are considered as input data for the
identification programme and the corresponding identified stiffnesses are collected. The
process is repeated 50 times to obtain a distribution of perturbated identified stiffnesses. To
check the stability, the amplitude and mean of these identified distributions have been
compared to the original input stiffnesses and to the perturbation amplitude. The calculations
have been performed for both amplitudes of errors. The coefficient of variation, which is
defined by the ratio between the standard deviation and the mean, is also computed in each
case. This quantity is directly related to the scatter of the distribution. The results are reported



in Tables 2. It can be seen that the difference between the mean value of the identified moduli
computed from the perturbated strain components and the actual corresponding quantities is
lower than 1.7%. Poisson’s ratio is obtained with a relative difference of 10% in the second
case. This last result is in agreement with the conclusions of previous studies carried out on
other specimen shapes and loading conditions, in which it was shown that the lowest accuracy
is obtained with Poisson’s ratio because of its small influence on the strain and stress fields. It
must be emphasized that the coefficients of variation remain reasonably low for Err, Eθθ and
Grθ, even for the 10% perturbation. This is due to the fact that the integrals can be interpreted
as weighted means of the strain components that average out local variations.

Table 2: Identified stiffness distributions from 5% perturbated strains

Eθθ
GPa

Err
GPa

Grθ
GPa

νθr
-

Actual values 40.00 10.00 4.00 0.30
Perturbated values 40.36 9.88 4.00 0.29

Relative difference (%) 0.9 -1.2 0.0 -2.7
Coefficient of variation

(%)
4.8 5.2 0.3 20.3

Table 3: Identified stiffness distributions from 10% perturbated strains

Eθθ
GPa

Err
GPa

Grθ
GPa

νθr
-

Reference values 40.00 10.00 4.00 0.30
Perturbated values 40.37 9.82 4.00 0.27

Relative difference (%) 0.9 -1.7 -0.0 -10.0
Coefficient of variation

(%)
12.0 13.1 0.8 60.8

CONCLUSION

An identification method has been proposed for determining the through-thickness stiffnesses
of thick laminated composites. These properties are difficult to measure with standard methods
and such alternative approaches can therefore be considered advantageously.
The main features of the present method are :
- heterogeneous stress and strain fields are considered and processed ;
- no assumption is made concerning the displacement field ;
- the whole strain field is considered as input data of the identification procedure ;
- only one test is required to determine the four independent parameters ;
- the method itself is based on a relevant use of the principle of virtual work with four
independent fields ;
- the method is direct and neither finite element model nor iterative calculations are
required ;
- the accuracy and the stability of the procedure have been studied and the results can be
considered as compatible with a practical application.
One could think that the main difficulty lies in the whole strain field measurement that is
performed in practice with a suitable optical method. However, such setups become now more
and more popular, reliable and unexpensive. Previous similar studies on other specimen shapes



and loading conditions for measuring in-plane and bending stiffnesses of thin composite have
been successfully carried out with grid techniques or deflectometry setups [15,16]. As  a result,
one can expect to actually measure the through-thickness stiffnesses with the present approach.
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