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1 Introduction  

Laminated composite materials are widely used in 
aerospace, civil, shipbuilding and other industries 
due to their high strength and stiffness to weight 
ratios, good fatigue resistance and high energy 
absorption capacity. In many structural applications, 
the progressive failure analysis is required to predict 
their mechanical response under various loading 
conditions.  
The use of appropriate material constitutive models 
plays a crucial role in progressive failure analysis of 
composite structures. Most of the damage mechanics 
based composite material models fall into the 
elastic-damage category [1-6]. In these models, 
irreversible deformations are not normally 
considered in the unloading stage. Although this 
might be suitable for modelling the mechanical 
behaviour of elastic-brittle composites, experimental 
studies [7,8] show that some thermoset  or 
thermoplastic composites exhibit apparent plastic 
response, especially under transverse and/or shear 
stresses. Numerical investigation also reveals that 
the model that does not take into account the plastic 
nature of composites might be insufficient, in some 
instances, in the evaluation of energy absorption 
capacity of composite structures [9]. In addition, 
damage accumulated within the plies could lead to 
the material properties degradation before the 
collapse of the composite structures. The 
consideration of material properties degradation 
improves the predictions of failure loads [10].  
This paper attempts to develop a combined plastic 
damage model for composites, which accounts for 
both the plasticity effects and material properties 
degradation of composite materials under loading. 
The plasticity effects are modelled using the 
approach proposed by Sun and Chen [11]. The 
prediction of the damage initiation and propagation 
in the laminated composites takes into account 

various failure mechanisms employing Hashin’s 
failure criteria [12].  
The proposed plastic damage model is implemented 
in Abaqus/Standard using a user-defined subroutine 
(UMAT). The strain-driven implicit integration 
procedure for the proposed model is developed using 
equations of continuum damage mechanics, 
plasticity theory and applying the return mapping 
algorithm. To ensure the algorithmic efficiency of 
the Newton-Raphson method in the finite element 
analysis, a tangent operator that is consistent with 
the developed integration algorithm is formulated. 
The efficiency of the proposed model is verified by 
performing progressive failure analysis of composite 
laminates containing central hole and subjected to 
in-plane tensile loads. The predicted results agree 
well with the test data and provide accurate 
estimates of the failure loads.  

2 Plastic damage constitutive model 

2.1 Stress-strain relationship 

The proposed plastic damage model is formulated 
for an elementary orthotropic ply and describes both 
the plastic response and the damage development 
which is based on the stiffness reduction approach.  
The damage effects are taken into account by 
introducing damage variables in the stiffness matrix 
using the continuum damage mechanics concept. 
The stress-strain relationships for the damaged and 
undamaged composite materials are written as 
follows:  

 – ;     (1)
      –   

where bold-face symbols are used for variables of 
tensorial character and symbol (:)  denotes inner 
product of two tensors with double contraction, e.g. 
( ) = S , where the summation 
convention is applied to the subscripts;  ,   are the 
Cauchy stress tensor and the effective stress tensor 
(both are the second order tensors);  is the fourth-
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order constitutive tensor for linear-elastic 
undamaged unidirectional laminated composites; 

 is the one for the corresponding damaged 
materials; , ,   are the total strain, elastic strain, 
and plastic strain tensors, respectively; d  is  the  
damage  variable. The form of the S(d) adopted in 
this model is similar to that presented by 
Matzenmiller et al. [2]   

1 0
1 0

0 0 1
      (2) 

where 1 1 1 ; parameter 
1 1 ; parameters  , ,  

denote damage developed in the fibre and transverse 
direction, and under shear (theses damage variables 
are constant throughout the ply thickness); ,  ,

 and , are elastic moduli and Poisson’s 
ratios of undamaged unidirectional composite 
laminae.  
In order to differentiate between the effects of 
compression and tension on the failure modes, the 
damage variables are presented as follows: 

 
   if 0
   if 0     

   if 0
   if 0  （3） 

where ,  characterise the damage development 
caused by tension and compression in the fibre 
direction, and ,  reflect the damage 
development caused by tension and compression in 
the transverse direction. It is assumed that the shear 
stiffness reduction results from the fibre and matrix 
cracking. To take this into account, the 
corresponding damage variable d   is expressed as: 

1 1 1           （4） 

where  represents the damage effects on shear 
stiffness caused by matrix cracking.  

2.2 Plastic model 

Plasticity is assumed to occur in the undamaged area 
of the composites. The plastic yield function is 
expressed in terms of effective stresses as follows:  

, ̃  ̃ 0 (5)

where  is the plastic potential;  is the hardening 
parameter which depends on the plastic 
deformations and is expressed in terms of equivalent 
plastic strain ̃ .  
Due to its simplicity and accuracy, an equivalent 
form of the one-parameter plastic yield function for 

plane stress condition proposed by Sun and Chen 
[11] is adopted in this study: 

, ̃    2   – ̃ 0    (6) 

where  is a material parameter which describes the  
level of plastic deformation developed under shear 
loading compared to the transverse loading;   is 
the effective stress in the transverse direction,    is 
the effective in-plane shear stress . Note that the use 
of this form of yield function improves efficiency 
and accuracy of the computational algorithm.  
For the sake of simplicity, an isotropic hardening 
law expressed in terms of equivalent plastic strain ε  
is adopted in this work. The following formulation 
of this law proposed by Sun and Chen [11] is used to 
represent the equivalent stress versus equivalent 
plastic strain hardening curve: 

̃ ̃ ̃                      (7) 

where  is the equivalent stress defined as follows: 

  2                           (8) 

 In Eq.(7),  and  are coefficients that fit the 
experimental hardening curve. These parameters 
together with the material parameter  are 
determined using an approach based on the linear 
regression analysis of the results obtained from the 
off-axis tensile tests performed on the unidirectional 
composite specimens [11, 13].  
The associated plastic flow rule is assumed for the 
plastic evolution in composites. According to this 
law, the plastic strain rate is expressed as: 

                             (9) 

where 0  is a nonnegative plastic consistency 
parameter; hereafter / x .  
Similarly, the associated equivalent plastic flow rule 
is also adopted in the following form: 

̃                          (10) 

The equivalent plastic strain rate can be obtained 
from the equivalence of the rates of the plastic work 
per unit volume : 

W  ̃                (11) 

Making use of Eq. (6), and taking into account Eqs. 
(8) - (11), the following relation is derived: 

̃                             (12) 
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2.3 Damage model 

2.3.1 Damage initiation and propagation criteria 

In order to predict the damage initiation and 
propagation of each intralaminar failure of the 
material and evaluate the effective stress state, the 
damage initiation and propagation criteria  are 
presented in the following form: 

,   0                   13  

1 , 1 , 2 , 2 , 6  

where  is the loading function adopted in the form 
of Hashin’s failure criteria [12]; is the damage 
threshold corresponding to each failure mechanism. 
The latter parameter  controls the size of the 
expanding damage surface and depends on the 
loading history. The initial damage threshold  ,  
equals unity. As mentioned previously, the damage 
variable  represents the damage effects on the 
shear stiffness due to matrix facture caused by a 
combined action of transverse and shear stresses. 
However, the compressive transverse stress has 
beneficial effects on the matrix cracking. Thus, it is 
reasonable to assume that the damage effects are 
governed by the tensile matrix cracking, i.e. , 

. 
According to the Hashin’s failure criteria, the 
loading functions for different failure mechanisms 
are given as follows: 

      0                 (14) 

      0                 (15) 

      0          (16) 

      0          (17) 

where ,   are the tensile and compressive 
strengths in fibre direction; ,   are the transverse 
tensile and compressive strengths;   is the shear 
strength.  

2.3.2 Damage evolution  

Under damage loading (i.e. when Eq. (13) is 
converted to equality) the damage consistency 
condition  0  is satisfied, then the 
following expressions for damage threshold  can 
be derived: 

max 1, max      τ 0,        (18) 

Since damage is irreversible, the damage evolution 
rate should satisfy the following condition:   0. 
The exponential damage evolution law is adopted 
for each damage variable and expressed in the 
following form [14]: 

1  exp 1            (19) 

where  is determined by regularizing the softening 
branch of the stress-strain curve to ensure the 
computed damage energy within an element is 
constant and to maintain the mesh objectivity. The 
regularization is based on the Bazant’s crack band 
theory [15]. According to this, the damage energy 
dissipated per unit volume  for uniaxial or shear 
stress condition is related to the critical strain energy 
release rate ,  along with the characteristic length 
of the finite element : 

  ,                               (20) 

where the critical strain energy release rates 
,  , ,  are referred to as the intralaminar mode I 

and mode II fracture toughness parameters. The 
parameter ,  is the intralaminar mode I fracture 
toughness under compression. The parameters 

, ,  ,  are the mode I fracture toughness 
parameters related to fibre breakage under tension 
and compression. The identification of these 
parameters and the characteristic length  is 
discussed in [4, 16]. The damage energy dissipated 
per unit volume for uniaxial or shear stress condition 
is obtained from the integration of the damage 
energy dissipation during the process of 
development: 

 AI d                (21) 

 ;  
1
2

:  

where  is the damage energy release rate;  is the 
rate of damage development defined as 
d /d   ,  is the Helmhotlz free energy. Equating 
Eq. (20) and Eq. (21), the parameter  is  
determined numerically using iterative root-finding 
procedure.  

3 Numerical implementation  

The proposed plastic damage material model has 
been embedded in Abaqus/Standard finite element 
software package using the user-defined subroutine 
UMAT. The numerical integration algorithms 
updating the Cauchy nominal stresses and solution-
dependent state variables are derived as well as the 



tangent matrix that is consistent with the numerical 
integration algorithm ensuring the quadratic 
convergence rate of the Newton-Raphson method in 
the finite element analysis. 

3.1 Integration algorithm 

The solution of the nonlinear inelastic problem 
under consideration is based on the incremental 
approach and is regarded as strain driven. The 
loading history is discretized into a sequence of time 
steps , , 0,1,2,3 …  where each step is 
referred to as the ( 1 th increment. Driven by the 
strain increment ∆ , the discrete problem in the 
context of backward Euler scheme for the combined 
plastic  damage model can be stated as: for a given 
variable set ,  ,  ̃ ,  ,  , , , , ,  
at the beginning of the 1 th increment, find the 
updated variable set , ̃ ,  , ,

, , ,  ,  at the end of the 1 th 
increment. The updated stresses and solution-
dependent state variables are stored at the end of the 

1 th increment and are passed on to the user 
subroutine UMAT at the beginning of the next 
increment. The integration scheme consists of two 
parts, namely, updating the effective stresses and 
updating the nominal Cauchy stresses. The closest 
point return mapping algorithm employing the 
backward Euler integration procedure is applied for 
updating the effective stresses. Substituting the 
updated effective stresses into the damage model, 
the damage variables are updated. According to 
Eq. 1 , the Cauchy stresses are calculated as 
follows: 

:                    (22) 

3.2 Consistent tangent matrix 

The consistent tangent matrix for the proposed 
combined plastic damage model is derived as 
follows: 

d  
d

     (23)

in which  is expressed in the indicial form as 
follows:  

|   
S     

 

, , 1, 2, 3 ;  1, 2  

where matrix is of asymmetric. This results in 
the asymmetry of the consistent tangent matrix of 
the elastoplastic damage model. In Eq.(23), 

 is the fourth-order compliance tensor for 
undamaged unidirectional laminated composite 

materials and   is the consistent tangent matrix 
for plastic problem Eq. (6). The latter is expressed as: 

: :  

: S  
        (24) 

where Δλ ∂  F  ,  Δλ  
denotes the increment of  in the (n+1)th increment; 

⁄ , and ( ) denotes a tensor product. 
As the time increment Δ  approaches zero, the 
increment of the plastic consistency parameter 

 approaches zero. Thus,  approaches , 

and  reduces to the elastoplastic tangent 
operator when standard procedures of classical 
plasticity theory are applied.  

3.3 Viscous regularization  

Numerical simulations based on the implicit 
procedures, such as Abaqus/Standard, and the use of 
material constitutive models that are considering 
strain softening and material stiffness degradation 
often abort prematurely due to convergence 
problems. In order to alleviate these computational 
difficulties and improve convergence, a viscous 
regularization scheme has been implemented in the 
following form [5]: 

,     1, 2,3        (25) 

where  is the damage variable obtained as 
described previously,  is the regularized viscous 
damage variable, and  is the viscosity coefficient. 
The corresponding regularized consistent tangent 
matrix is derived as:  

 =  ;     (26)  

·
∆

∆  
 

4 Numerical Results and Verifications  

The proposed plastic damage model is applied to the 
progressive failure analyses of a set of AS4/PEEK 
[0/45/90/-45]2s laminates containing a through hole. 
The hole diameters are ranging from 2 to 10 mm.  
The laminates are subjected to in-plane tensile 
loading. The length, width and thickness of the 
laminates are 100 mm, 20 mm, and 2 mm, 
respectively. The material elastic properties and 
plastic model parameters are obtained from Sun and 
Yoon [17]. The compressive strengths are adopted 
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from Sun and Rui [18], while the tensile strengths 
and shear strength are obtained from Kawai et al. 
[19]. The critical strain energies ,  and ,  are 
measured by Carlile [20]. The value of parameter 

,  is taking from [21]. The parameter ,  is 
calculated using ,  and the equation suggested in 
Maimi [4]. The material constants and model 
parameters are listed in Table 1. The predicted 
failure loads were compared with the experimental 
data reported in Maa and Cheng [10] and their 
predictions based on the principal damage model 
and the modified principal damage model (referred 
to as Model 1 and Model 2  in this work). As shown 
in Table 2, the predicted results agree well with the 
test data. It follows from Table 2 that the results 
predicted using the model developed in this work are 
more accurate than those obtained using the model 1 
model and have similar accuracy as those obtained 
from Model 2.  The load versus displacement curves 
predicted using the present constitutive model are 
shown in Figure 1. The preditced damage evolution 
of the ply reinfroced at 0° within the laminate with 
the hole diameter of 5 mm characterized by the 
damage variables , , ,  at the failure load 
and at the end of the analysis (labeled A and B in 
Figure 1) is presented in Figure 2. 

5 Conclusions 

A plastic damage constitutive model has been 
developed for the progressive failure analysis of 
composite laminates. This model takes into account 
both the plasticity effects and the material properties 
degradations exhibitied by composite materials. The 
corresponding strain-driven implicit integration 
algorithm based on the closest point return mappling 
algorithm has been developed as well as the tangent 
operator that is consistent with the derived 
integration algorithm. The material model has been 
verified by performing progressive failure analysis 
of composite laminates containing a central hole. It 
was shown that the proposed plastic damage model 
provided the sufficient accuracy in the prediction of 
failure loads or failure stresses.   

Table 1: Material properties of AS4/PEEK and 
model parameters 

      

127.6GPa 10.3GPa 6.0GPa 0.32 2023MPa 1234MPa
    ,    ,   ,  

92.7 

MPa 

176.0 

MPa 

82.6 

MPa 

128.0 

N/mm 

128.0 

N/mm 

5.6 

N/mm 
 ,     ,        

9.31 N/mm 4.93 N/mm 1.5 295.0274 0.142857 0.0002 

Table 2:  Comparison  of  the  failure loads between 
experimental data and the FE analyses of AS4/PEEK
 [0/45/90/-45]2s  composit laminates. 

 

 

 

Figure 1: Predicted load  vs displacement curves of 
AS4/PEEK [0/45/90/-45]2s laminates.  
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                 (g) d3 at A                          (h) d3  at B   

Figure 2: Evolution of damage in 0 ° ply of [0/45/90/
-45]2s laminate.  
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