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1. Introduction  

Fiber reinforced organic matrix composites are 
being increasingly used for, as an example, aircraft, 
marine and civil engineering structural applications. 
Such composite structures are often submitted to 
humid environments during their service life [1]. 
Organic matrix composites do absorb significant 
amount of water when exposed to moisture. Many 
authors have reported that hygro-thermal ageing 
could induce a loss of the mechanical stiffness 
and/or strength of organic matrix composites [2]. 
Moreover, the constituents of composites structures 
exhibit heterogeneous coefficients of moisture 
expansion (CME) and maximum moisture 
absorption capacity. As a consequence, multi-scale 
in-depth mechanical states profiles rise during the 
hygroscopic loading of organic matrix composites. 
According to the literature, the resulting mechanical 
states can eventually induce damage [3-4]. 
Therefore, considerable efforts have been made by 
researchers in order to develop analytical models  

enabling to predict the multi-scale mechanical states 
occurring during both the transient stage and the 
permanent regime of the moisture diffusion process 
of organic matrix composites submitted to hygro-
mechanical loads [5-6]. In this field of research, the 
most recent investigations [7-9] focus upon taking 
into account, in the theoretical approaches, various 
features of hygro-mechanical coupling, observed 
during experimental studies, especially the 
dependence of both the moisture diffusion 
coefficient and the maximum moisture absorption 
capacity on the mechanical states (strains and 
stresses), [10-12]. These models aim eventually to 
enable the prediction of the long-term durability of 
composite structures submitted to hygroscopic loads. 
The purpose of this study is to establish a model 
coupling the diffusion of moisture to the mechanical 
states by a thermodynamical approach based on the 
expression satisfied by the chemical potential of 
water. The objective of the work is to extend the 
model proposed in [8] to the cases when the studied 
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structure is experiencing an unsymmetrical hygro-
mechanical loading. Moreover, the present study 
aims to consider additional factors that have not yet 
been taken into account, such as the evolution of the 
polymer density as a function of the mechanicals 
states, which occurs in practice during the moisture 
diffusion process. 

2. Conservation of mass equation 

The uncoupled law of Fick is classically used for 
modeling the diffusion of moisture in organic matrix 
composites. The adjective “uncoupled” refers to the 
fact that the model disregards any effect due to the 
mechanical states on the moisture diffusion process. 
The experimental investigation reported in [13] 
shows the anomalous transport of sorption process 
(i.e. it deviates from the Fickian transport). 
According to [14], the anomalies could be explained 
by coupled constitutive equations, based on the 
principles of continuum mechanics and irreversible 
thermodynamics. 
In practice, the method relates the flux of moisture 
to the chemical potential µ: 
 �� � � ��

�� 	
     (1) 

 
Where D is the diffusion coefficient in [mm2/s], C is 
the moisture content in [%], R is the perfect gases 
constant in [kJ/(mol.K)], T is temperature in [K]. 
 
The coupled diffusion equation which expresses the 
law of mass conservation is given by [15]: 
 ��
��  ��,� � 0     (2) 

 

3. Chemical potential 

The chemical potential of water 
����� is defined by 
the partial derivative of free energy of Helmholtz, � � ��  �������  ��, (where �� is the free energy 
of the dry, stress-free polymer, ����� is the variation 
of the free energy per mole of dry polymer, due to 
the addition of water when the polymer is free to 
swell, ��  and ��  are respectively the amount of 
polymer and its volume at actual state, whereas the 
amount of water is denoted by ne [8]: 
 


����� � ��
��� � ��
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���    (3) 

The moisture content in the polymer is calculated 
through � � ��������,  where  � ,  � stand respectively 

for the molar mass of water and polymer.  
The hygro-elastic strain energy is defined by: ! � "

# $: &é( � )
# �*+& � 3-��#  ./: / , where k 

and G are the bulk and shear modulus, respectively, &é(  is the elastic strain, &  is the total strain, e is 
deviatoric strain tensor, and η is the coefficient of 
moisture expansion. 
 
The chemical potential can finally be written as: 
 


����� � ���� ��0���  ��1� 2)0���
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Where 
���� ��0��� � 
�  567� �

�8 , µ0 denoting the 

chemical potential of water in the strain-free 
polymer, whereas the reference moisture content is 
given by ��. 
During the moisture diffusion process, we take into 
account the evolution of the volume occupied by the 
polymer, and the resulting variation of its density : 
 9:98 � 181: � *+&  1    (5) 

 
Where V, ρ  stand respectively for the polymer 
volume and its density. The indices (p, 0) denote the 
present and initial state. 
Assuming the mechanical properties of the polymer 
independent from the both the mechanical states and 
the moisture content, the chemical potential writes: 
 
����, *+&� � 
�  567� �

�8 � >?��)
18 �*+& �

3-���*+&  1�     (6) 
 

4. Hygroscopic pressure 

The hygro-elastic Hooke’s law reads: 
 

@�A � "BC�D� E�A � C�D� F*+E�AGH�A  -�H�A  (7) 

 
Where the term-�H�A is the deformation of 
swelling, I�  is Poisson’s ratio, J� is Young’s 
modulus, and H�A  is the Kronecker delta. 



 

3 

COUPLING MOISTURE DIFFUSION AND INTERNAL MECHANICAL 
STATES IN POLYMERS AND COMPOSITES – A 

THERMODYNAMICAL APPROACH  

The total pressure P load results from the sum of the 
external pressure Pex and the hygroscopic internal 
pressure Pis is triaxial, P = Pex + Pis: 
 

σMN � O�P 0 00 �P 00 0 �PQ    (8) 

 
The Beltrami-Michell equation leads to: 
 

F1  νSGσMN,TT  σTT,MN  ES- V"BW:"XW: δMNC,TT  C,MN[ �
0 (9) 
Furthermore, we get: 
 

Δ V*+σMN  2- ^:"XW: �[ � 0 (10)  

 
As a consequence, the hygroscopic pressure depends 
on the moisture content through: 
 ΔPis � b

c8 ηΔ� (11)  

 

Where  
b

c8 � #^:>�"XW:�  and A� � >�
��18. 

 
The solution of equation (11) satisfies: 
 Pfg�h, *� � i

j -��h, *�  4"�*�h  4#�*� (12)  

 
The constants 4"�*� and 4#�*� are deduced from 
the following boundary conditions in which e is the 
plate thickness: 
 k Pis�x, t�n� dx � 0 (13) 

k Pis�x, *�hn� ph � 0 (14) 
 
The final form of equation (12) is given by:   

Pfg�h, *� �i
j -F��h, *� � 4��*�rrrrrrG  s

�t
i
j -hFu#��*�rrrrrr � 2vG 

s
�w

i
j -v (15)  

 
Where  

��*�rrrrrr � 1u x ��h, *�
�

�
ph , v � x h��h, *��

� ph 

5. Equation of model   

The constitutive equation is obtained by using the 
mass conservation equation (2) in which the 
chemical potential of water has been written as a 
function of the trace of the strains and the moisture 
content: 
 ��
�� � �

�� pfy z� {|+}p~~~~~~~~~~�
����, *+&��� (16)  

 
By considering the chemical potential 
����, *+&� , 
the model’s equation reads:  
 ��
�� �
� z∆�  �?w)����18 ��*+&  1�∆� 
�?w)����18 |+}p~~~~~~~~~~����*+&  1��|+}p~~~~~~~~~~�� � >)��?

��18 �2*+& �
3-�  1��∆*+& � >)��?

��18 |+}p~~~~~~~~~~���2*+& � 3-� 
1���|+}p~~~~~~~~~~�*+&� (17) 

 
Finally, the model can be applied to unsymmetrical 
loading in terms of moisture and/or pressure: 
 
��
�� � D ��1  V"η#C  V#η>C#� �w�

��w  η#�V> 
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���# 
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i
j -Fu#��*�rrrrrr � 2vG�V� 
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Where V" � �3A�kCtr�  2αtr�  α; V# � 9A�k � 3α ; V> � α � 3A�ktr�  2αtr�; 

V� � 9ηA�k  3ηα � #�bw
c8T ;  V� � 2A�ηtr�  A�η  and 

Vs � 3A � 4 i
) 

 

6. Boundary condition 

The boundary condition is obtained by equating the 
chemical potential of water in humid air, µ�n � µ�� RTln S¡S8 (where µ�� is the chemical potential of water 

in humid air at the reference pressure p�. The partial 
pressure of water being pn ) with the generalized 
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chemical potential of the polymer. Henry’s law is 
introduced to define sorption isotherm: C¤ � S pn 
where S is the solubility of water given by S �
�8S8 eµ�8§µ8¨© . In the case of a symmetrical hygro-

mechanical loading the boundary equation is: C�0, t�
� Spn

1  {c
b ηPex � η#C�t�rrrrr� �3APex � 3αηC�t�rrrrr � α�
1 � �3APex � 3αηC�t�rrrrr � α�η#Spn  

 
Where the external pressure follows this condition: 

0 ª Pex ª «Xb�w�>��B"�¬���,�X���rrrrrr®
c��>��B"� , � ¯ 0  

 

7. Numerical Results 

The numerical simulations corresponds to a 4 mm 
thick plate made of Epoxy resin whose Young 
modulus is 3.65GPa and Poisson’s ratio 0.36.  

7.1. Symmetrical pressure and humidity loading 

Figure 1 shows the time-dependent evolution of the 
macroscopic (average) moisture content in the plate, 
as a function of the CME: η = 0; η =0.2 or η =0.5, at 
an imposed pressure of 5 MPa.  
The increase of CME leads to reduce the maximum 
moisture absorption capacity of the polymer 
indicated by the evolution of the average moisture 
content in the steady state. 
The evolution of the moisture content profiles in the 
thickness of the plate during the transient process of 
the diffusion is drawn on figure 2 in the case that a 
symmetrical pressure of 5MPa and η = 0.5 are 
considered. 
According to figure 2, the moisture content at the 
boundary with the ambient fluid significantly varies 
throughout the transient regime. This means that the 
maximum moisture absorption capacity does not 
immediately reach its ultimate value. This effect 
comes from the dependence of the boundary 
condition on the mechanical strain experienced by 
the polymer, the magnitude of which considerably 
changes during the transient part of the diffusion 
process, due to the hygroscopic swelling. The 
obtained results are consistent with those published 
in reference [9]. 
 

 
 

 
Fig. 1: Effect of CME on the average moisture content 

 

 

 
Fig. 2: In-depth time-dependent moisture content profiles 

Figure 3 shows the effect induced by the application 
of an external pressure, varying from 1 MPa to 100 
MPa, on the time-dependent moisture content, at the 
interface between the solid and the ambient fluid. 
According to figure 3, an increased applied pressure 
significantly reduces the diffusion of moisture at the 
boundary. 
Figure 4 shows that the maximum moisture 
absorption capacity reached in the steady state 
depends almost linearly on the applied pressure. The 
results are consistent with [16]. 
 

0,00

0,15

0,30

0,45

0,60

0,75

0 1300 2600 3900 5200 6500

C
av

e 
[%

]

√t/e  [s0,5 /mm] 

0,00

0,15

0,30

0,45

0,60

0,75

0 1 2 3 4

C
[%

]

Thickness[mm]



 

5 

COUPLING MOISTURE DIFFUSION AND INTERNAL MECHANICAL 
STATES IN POLYMERS AND COMPOSITES – A 

THERMODYNAMICAL APPROACH  

 

 

 
Fig. 4: Maximum moisture absorption capacity in steady 

state, as a function of the applied external load. 

 
The results of the simulations show that the apparent 
coefficient of diffusion is almost independent from 
the applied external load (Figure 5). 
 

 
Fig. 5: Apparent moisture diffusion coefficient, as a 

function of the applied external load 
 

7.2. Asymmetrical applied pressure 

In the case when the pressure applied to the right 
side of the plate is higher than its left counterpart 
(P1 = 1 MPa, P2 = 10 MPa, η=0.5, the hygroscopic 
loading being symmetric), the right side absorbs less 
moisture than the left side. The unsymmetrical 
moisture content profiles in the plate shown on 
figure 6 result from the pressure gradient.  

 

 

Fig. 6: Moisture diffusion under an asymmetric 
external pressure. 

8. Conclusion 

The present work is dedicated to the establishment 
of a model enabling to predict the moisture diffusion 
within polymers under external load (pressure). The 
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moisture sorption results from coupled hygro-
mechanical phenomena. The developed model is a 
first  enrichment compared to many previous works 
based on empirical approaches such as a the free-
volume theory. By comparison to the works based 
on the thermodynamical approach, such as [8] the 
present model accounts the dependence of the 
polymer density on the mechanical states, which was 
previously neglected. Moreover, the present study 
extends the thermodynamical approach to the cases 
of an asymmetrical loading in terms of either (or 
both) the hygroscopic or the mechanical loads. The 
simulations reproduce the expected evolutions, as a 
function of the applied external pressure, of the 
maximum moisture absorption capacity. These 
results are compatible with the experimental 
investigations [17]. On the contrary, the apparent 
diffusion coefficient predicted by the model is 
almost independent from the pressure load. That is 
actually incompatible with the practical observations 
reported in the literature. As a consequence, 
improvements should be achieved in further 
investigations. In future work, realistic evolutions of 
the hygro-mechanical properties (i.e. the elastic 
moduli and coefficient of moisture expansion), 
occurring during the diffusion process, will be taken 
into account. Finally, the model presented in this 
communication will be extended to the case of 
polymer matrix composites.  

References 
[1] J. Jedidi, F. Jacquemin, A. Vautrin « Design of 

Accelerated Hygrothermal Cycles on Polymer 
Matrix Composites in the Case of a Supersonic 
Aircraft ». Composite Structures, 68, 429-437, 
2005. 

[2] B. P. Patel, M. Ganapathi, D. P. Makhecha 
« Hygrothermal Effects on the Structural 
behaviour of Thick Composite Laminates using 
Higher-Order Theory ». Composite Structures, 
56, 25-34, 2002.  

[3] D. Perreux, C. Suri « A study of the coupling 
between the phenomena of water absorption and 
damage in glass/epoxy composite pipes ». 
Composites Science and Technology, 57, 1403-
1413, 1997. 

[4] Y. J. Weitsman, M. Elahi « Effects of Fluids on 
the Deformation, Strength and Durability of 
Polymeric Composites – An Overview ». 
Mechanics of Time-Dependent Materials, 4, 107-
126, 2000. 

[5] F. Jacquemin, A. Vautrin « A closed-form 
solution for the internal stresses in thick 
composite cylinders induced by cyclical 
environmental conditions ». Composite 
Structures, 58, 1-9, 2002. 

[6] S. Fréour, F. Jacquemin, R. Guillén « On an 
analytical self-consistent model for internal stress 
prediction in fiber-reinforced composites 
submitted to hygroelastic load ». Journal of 
Reinforced Plastics and Composites, 24, 1365-
1377, 2005. 

[7] J. Aboudi, T. O. Williams « A coupled mico-
macromechanical analysis of hygrothermoelastic 
composites ». International Journal of Solids and 
Structures, 37, 4149-4179, 2000. 

[8] K. Derrien, P. Gilormini« The effect of moisture-
induced swelling on the absorption capacity of 
transversely isotropic elastic polymer-matrix 
composites ». International Journal of Solids and 
Structures, 46, 1547-1553, 2009. 

[9] G. Youssef, S. Fréour, F. Jacquemin « Stress-
dependent moisture diffusion in composite 
materials ». Journal of Composite Materials, 43, 
1621-1637, 2009. 

[10] G. Marom, L. J. Broutman « Moisture 
Penetration into Composites under External 
Stress ». Polymer Composites, 2, 132-136, 1981. 

[11] S. Neumann, G. Marom « Free-volume 
dependent moisture diffusion under stress in 
composite materials ». Journal of Materials 
Science, 21, 26-30, 1986. 

[12] S. Neumann, G. Marom « Prediction of Moisture 
Diffusion Parameters in Composite Materials 
Under Stress ». Journal of Composite Materials, 
21, 68-80, 1987. 

[13] O. Gilat, L. J. Broutman « Effect of External 
Stress on Moisture Diffusion and Degradation in 
a Graphite Reinforced Epoxy Laminate ». ASTM 
STP, 658, 61-83, 1978. 

[14] Y. J. Weitsman « Moisture in Composites: 
Sorption and Damage, in: Fatigue of Composite 
Materials ». Elsevier Science Publisher, K.L. 
Reifsnider (editor), 385-429, 1990. 

[15] F. C. Larché, J. W. Cahn « The effect of self-
stress on diffusion in solid ». Acta Metallurgica, 
30, 1835-1845, 1982. 

[16] L-W. Cai, Y. Weistman « Non-Fickian Moisture 
Diffusion in Polymeric Composite ». Journal of 
composite materials, 28, 130-154, 1994. 

[17] Y. Z. Wan, Y. L. Wang, Y. Huang, B. M. He, K. 
Y. Han « Hygrothermal aging behaviour of 
VARTMed three-dimensional braided carbon-
epoxy composites under external stresses ». 
Composites Part A, 36, 1102-1109, 2005. 


