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1 Introduction  

In advanced composite materials, one of the major 

failure modes is delamination. Delamination in 

composite laminates can be considered as an 

interfacial crack between two highly anisotropic 

materials. Unlike a crack in a homogeneous medium, 

researchers have found the violent oscillatory nature 

of near-tip stress and displacement fields. It was 

found by England [4] that the oscillatory 

displacement fields lead to mutual penetration of 

upper and lower crack surfaces, which is physically 

inadmissible. Comninou [5] proposed modifications 

to the model in order to account for the contact but it 

involved complicated analyses. Rice [6] has 

discussed that although oscillatory solutions do not 

describe near-tip fields accurately, the solutions are 

valid outside of small scale contact zone. Sun and 

Qian [7] performed comparison of those two models, 

and confirmed Rice’s argument. Therefore, the 

oscillatory model can be used to characterize 

fracture when the contact zone is small compared to 

fracture process zones. Hence, the oscillatory model 

was adapted throughout the research.  

It was shown by Sun and Qian [1] that strain energy 

release rates do not exist for interfacial cracks. In 

addition, Cao and Evans [2] found that fracture 

toughness of an interfacial crack is a function of 

mode mixities.  Because of these characteristics, 

stress intensity factors must be computed in order to 

characterize fracture. Several methods have been 

proposed by other researchers to compute stress 

intensity factors for interfacial cracks but they have 

not been widely used in industries due to complex 

mathematics involved in the analyses. To make a 

breakthrough in this situation, a simple method for 

calculating stress intensity factors is proposed in this 

paper.  

2.1 Near-tip Fields  

Consider a body consisting of two dissimilar 

anisotropic media with an interfacial crack as shown 

in Fig. 2. In this case, near-tip stress and 

displacement fields were derived by Hwu [3] as 
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respectively. In above equations,      (         ) 

indicate the relative crack surface displacements. 

The angular brackets indicate a 3×3 diagonal matrix, 

  (α=1,2,3) are the bimaterial constants which 

involve the elastic constants of the two materials, 

and Λ is the eigenvector matrix that appears in the 

Stroh formalism.  
It was shown in [1] that individual strain energy 

release rates (GI, GII, and GIII) derived based on 

equations (1) and (2) are also oscillatory and does 

not converge. Hence, individual strain energy 

release rates do not exist for interfacial cracks. For 

cracks in homogeneous media, it is a common 

practice to determine stress intensity factors by first 

calculating strain energy release rates then 

converting them through the G-K relationships. 

Because of the nonexistence of Gj (j=I,II,III), the 

technique is no longer valid for problems involving 

interfacial cracks. Since fracture is characterized 

through stress intensity factors, an alternative 

approach must be established to find them.  In the 

following section of the paper, a simple method to 

determine stress intensity factors is proposed.  
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2.2 Projection Method 

The stress intensity factors can be determined 

from (1) by inverting the relationship as 

 
   
  
    

   

   
   

             
           

   
   
   

  

(3) 

where stress components    ,    , and     are 

obtained from finite element analyses. The limit is 

necessary in accordance to the definition of stress 

intensity factors. The procedures for the projection 

method are as follows. First, compute the stresses 

along the interface (y=0) using the finite element 

method. Then plot each Kjj (j=I,II,III) as a function 

of the distance from the crack tip, x, according to the 

equation (3) as illustrated by Pj in Fig. 1. Each plot 

would be a straight line except for the first few 

elements near the crack tip as illustrated in the figure. 

This is due to the high stress gradients near the crack 

tip, and the stresses computed by the finite element 

analysis are not accurate in this region. Hence 

ignoring this part of the plots, project straight lines 

toward the crack tip (x=0) from the portions where 

plots are straight, as illustrated by dashed lines in 

Fig. 1. The intersections of each plot with x=0 are 

the stress intensity factors, Kj.  

 

Fig. 1 Illustration of the projection method. Plots 

need to be drawn for all Kj (j = I, II, III) 

3 Finite Element Analysis  

In order to verify the accuracy of the proposed 

method, a set of finite element analyses was 

performed. Three example problems are solved 

using the projection method. The stress intensity 

factors obtained by the method are compared to 

those by the displacement ratio method proposed by 

Sun and Qian [1]. Note that throughout this paper, 

“//” is used to indicate locations of interfacial cracks. 

3.1 Infinite Bimaterial Body with a Center Crack 

along the Interface under Remotely Applied 

Simple Tension  

Consider an infinite body consisting of two 

dissimilar anisotropic media with a center crack 

along its interface, as shown in Fig. 2. Those media 

may be considered as a unidirectional composite 

lamina stacked in different orientations,   (i = 1,2). 

Each ply has two of its principal axes (x1 and x2) on 

x-z plane, and the third principal axis (x3) parallel to 

y. The angle between x-axis and x1-axis is denoted 

by θ. Simple tension,    
 , is applied remotely to the 

body. In this case, stress intensity factors were 

derived analytically by Hwu [3] as, 

       
     

     
    

  
   
     

       
    

  
   
     

where constants (       , and   ) are related to 

material properties of the lamina, and can be found 

in [1].  

Finite element analysis was performed on this 

problem. The results obtained from the projection 

method are compared to those from the displacement 

ratio method and Hwu’s analytic solution. Since the 

analytic solution is based on the infinite body 

assumption, the finite element model needs to be 

sufficiently large in order to satisfy the same 

boundary conditions.  In this study, the following 

geometry was selected: h=100 m, w=100 m, a=1m. 

The material properties of the lamina are 

E1=138GPa, E2=E3=9.86GPa, ν12= ν13=ν23=0.3, 

G12=G13=G23=5.24GPa. The applied load of 

    
 =1Pa was used in the numerical analysis. Since 

the loading is independent of z-direction, the 

problem may be considered to be in generalized 

plane strain condition.  This condition was modeled 

in finite element analyses by having only one 

element in z-direction, and applied periodic 

boundary conditions on corresponding nodes on 

front and back faces of the body. The 20-node brick 

element was used, and the mesh was refined near the 
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crack tip. Structured mesh needs to be used when 

using the displacement ratio method because it 

requires computation of total strain energy release 

rate. The dimension of the smallest mesh used in 

calculation is 1% of the half crack length, a. 

Abaqus/Standard was used for FE analyses. 

Results are shown in Table 2. It was found from the 

result that the stress intensity factors computed by 

both projection method and the displacement ratio 

method are accurate, especially in KI, the dominant 

mode. On the other hand, there are slight 

disagreements in KIII by the projection method. 

However, the magnitude of KIII is approximately 3% 

of the dominant mode. In cases when one mode is 

dominant over the other modes, stress intensity 

factors computed by the projection method in least 

dominant mode may not be accurate. Care must be 

taken when dominant mode is present. In such case, 

fracture driving force is represented by the dominant 

mode so the error in the least mode may not be 

important in actual applications. 

It was found through comparison that the advantage 

of the projection method over the displacement ratio 

method, besides its simplicity, is that it does not 

require careful meshing strategies associated with 

calculations of total energy release rate. In addition, 

the stress intensity factors computed by the 

displacement ratio method depend on the node from 

which displacements were taken. 

 

Fig. 2  Large body with a center crack along the 

interface under simple tension 

Table 1 Stress intensity factors calculated for the 

large body with a center crack along the interface 

under simple tension 

 

3.2 Uniform Edge Loadings 

Consider [θ1//θ2] laminate with an edge 

delamination as shown in Fig. 3. The laminate is 

subjected to uniform edge loadings, N1 and N2. The 

laminate is assumed to be relatively long in z-

direction. Under such condition, the stresses and 

strains are considered to be independent in z-

direction so the problem can be simplified by 

assuming the generalized plane strain condition. 

Material properties of the ply used in this problem 

were E1=134.4GPa, E2=E3=10.2GPa, ν12= ν13=0.3, 

ν23=0.49, G12=G13=5.52GPa, and G23=3.43GPa. 

The applied edge loadings were N1= -50N/m and 

N2=80N/m. The geometrical dimensions chosen for 

the analysis were t1=0.04, t2=0.08, and a=b=0.96. 

The 20-node brick element was used. The mesh was 

kept uniform near the crack tip, and the element size 

in the region was 0.1% of the crack length, a. The 

stress intensity factors calculated by the projection 

method were compared to those by the displacement 

ratio method proposed by Qian and Sun [1]. Fig. 4 

illustrates how the projection method was used to 

compute stress intensity factors for this problem. 

Theoretically, it is expected that plots of the 

equation (3) are straight all the way to x=0 when 

plotted against the distance. However, Fig. 4 

indicates that plots are not straight for first few 



elements. As mentioned previously, it is because 

stresses obtained from the finite element analysis are 

not accurate within the first few elements due to 

high stress gradients. Hence, projections must be 

taken by avoiding the region. Results are presented 

in Table 2. As it can be seen from the table, stress 

intensity factors computed by the projection method 

are in good agreements with those computed by the 

displacement ratio method.     

 

 

Fig. 3 Composite laminate with edge crack 

 

Fig. 4 Projection method used for the uniform edge 

loading problem 

Table 2 Comparison of stress intensity factors from 

the projection method and displacement ratio 

method (DRM) for the uniform edge loading 

problem 

 

3.3 Uniform Stretching 

It is well known that singular stress fields exist along 

the free edges of composite laminates. This stress 

singularity may cause free edge delamination. 

Consider a [-θ//θ/θ//-θ] laminate with free edge 

delamination under axial tensile loading in z-

direction, as shown in Fig. 5.  

The same material as the problem in the section 3.2 

was used in numerical analyses. Because of 

symmetries, only a quarter portion of the entire body 

was modeled. The quarter cross-section is shown in 

Fig. 6. The crack length was selected to be 

a=0.0254m.  The dimensions of the cross-section 

was chosen as follows; t1=0.04m, t2=0.08m, and 

b=0.96m. The 20-node brick element was used. The 

mesh was refined and kept uniform near the crack 

tip, and the mesh size was 0.1% of a in the region. 

Results are presented in Table 3. The stress 

intensity factors calculated by both methods agree 

very well in KIII, the dominant mode.  It can be noted 

that there are slight mismatch in KII. However, the 

mode mixities, φ12 and φ23, are in very good 

agreement. Therefore, the stress intensity factors 

calculated by the projection method can be still used 

to characterize fracture in this case. 

 

Fig. 5 A composite laminate with edge delamination 

along [      interface. Uniform stretching along z-

axis is applied 
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Fig. 6 A quarter of laminate cross-section  

Table 3 Comparison of stress intensity factors from 

the projection method and displacement ratio 

method (DRM) for the uniform stretching problem 

 

4 Conclusions 

In this paper, the projection method was proposed 

for calculations of stress intensity factors for a 

delamination in composite laminates. The most 

significant feature of the method is its simplicity. It 

does not require complex mathematics, and involves 

fewer procedures compared to other methods. It was 

also shown that the method yields accurate stress 

intensity factors.  
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