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1 Introduction  

Discontinuous fibre composites can be rapidly 

manufactured using automated processes, with low 

production costs compared with textile 

reinforcements [1]. The level of flexibility offered 

by discontinuous fibre composites can however 

make efficient design challenging, as additional 

material and process parameters complicate material 

selection and quality can be difficult to control 

compared with textiles. Part consistency can be poor 

and local material variability can be high [2, 3] if the 

wrong material parameters are chosen, leading to 

over conservative safety factors. Predictive models 

are considered to be important for reducing the level 

of costly experimental testing during screening and 

to drive future process and material developments.  

Developments in high performance computing have 

seen an increase in the use of numerical techniques 

such as Finite Element Analysis (FEA), to model the 

response of randomly distributed fibre composites. 

This approach is well documented for studying the 

transverse response of randomly distributed 

filaments [4, 5] or spherical inclusions [6] at the 

micro-scale, but is not so common for modelling 3D 

randomly packed fibres at the meso-scale. These 

architectures are far more challenging to model with 

many more independent variables to consider, 

particularly for high fibre volume fractions and large 

aspect ratio fibres [7].  

This paper presents a novel method for meshing 

discontinuous fibre architectures for FEA, which 

removes many of the limitations imposed by 

conventional approaches. A random adsorption 

model has been used to generate architectures in 

order to study the influence of two different 

boundary condition strategies on a range of cells 

containing randomly distributed fibres.  

 

2 RVE Generation for Random Fibre. 

A representative volume element (RVE) is often 

used to simulate the behavior of heterogeneous 

materials. A RVE should be a volume of 

heterogeneous material that is sufficiently large to be 

statistically representative, ensuring a sample is 

taken of all micro-structural heterogeneities that 

occur in the composite [8]. There are three main 

methods for creating numerical RVEs for random 

fibre architectures, which include random sequential 

adsorption (RSA), Monte Carlo (MC) procedures 

and image reconstruction [7]. For conventional RSA 

and MC, fibres are often modelled as thin rods 

without curvature and fibre-fibre contact is not 

permitted. The major problem with RSA and MC 

type approaches is that ‘jamming’ occurs as the fibre 

content increases, which limits the maximum fibre 

volume fraction. Modified RSA approaches [7] have 

enabled the maximum allowable volume fraction to 

be increased, but they tend to produce unnatural 

fibre architectures, by either introducing excessive 

local curvature at fibre cross-over points, or by using 

a range of fibre diameters to improve packing. 

 

 

Fig. 1 Schematic of random sequential adsorption 

model. 
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A modified RSA is adopted in the current paper, and 

is programmed in Visual Basic
®
 to generate 2D fibre 

architectures. Fibres are deposited within a region 

bounded by Cartesian coordinates (Fig. 1). Random 

numbers are generated for the x-y coordinates of the 

centre of mass for each fibre, and a third number is 

used to determine the fibre orientation. This 2D 

model allows intersecting fibres, thus removing the 

fibre volume fraction limitation. Moreover, this 2D 

approach is computationally inexpensive, therefore 

is practical for simulating larger specimens.  

3 Finite Element Modelling 

Fibre architectures are meshed suitably for 

processing by ABAQUS/Standard. The matrix 

material is modelled using structural 2D, plane stress 

continuum elements (CPS8R). One dimensional 

beam elements (B22) with circular cross-section are 

used to represent the fibre bundles, where the 

diameter is assigned as a function of the filament 

count and tow volume fraction (Vtow). The internal 

structure of each bundle contains resin, and therefore 

the volume of deposited bundles (Vdeposited) is 

adjusted to satisfy the target volume fraction of the 

laminate (Vf): 

           
  
    

 (1) 

 

Beam elements are constrained to the continuum 

matrix elements using the ABAQUS built-in 

function *EMBEEDED ELEMENT. This technique 

eliminates the extra degree of freedom on the 

embedded elements (fibres) compared with the host 

elements (matrix) and provides a multi-point 

constraint. Consequently regular shaped meshes can 

be used to model the matrix material, without node 

sharing between beam (fibre) and continuum (matrix) 

elements. Following [9], the modelling parameters 

used for the epoxy resin are 3350MPa for tensile 

modulus and 0.38 for Poisson’s ratio. The fibre 

modulus is 144000MPa. All models are 3.5mm thick 

and consist of 24K fibre tows with 60% tow volume 

fraction. 

A conventional meshing approach has been used to 

validate the novel embedding technique, using an 

unstructured free mesh with coincident nodes at the 

fibre/matrix interface. Fig. 2 demonstrates the effect 

of using the *EMBEDDED ELEMENT technique 

versus using the *TIE command, assuming perfect 

interfacial bonding in both cases. The edge length of 

the matrix elements in the embedded model is 

0.2mm, which is the same as the length of each 

beam element. The model is subjected to tensile 

loading in the horizontal (x) direction. Fig. 2 shows 

that the stress fields and the displaced shapes are 

identical for the two meshing approaches.  

Comparisons are made with tensile boundary 

conditions in both horizontal and vertical directions, 

and in-plane shear is also considered. It is commonly 

found that there is less than 1% error between the 

two approaches when comparing the in-plane 

moduli and Poisson’s ratios. It is understood that this 

meshing method is only an approximation, but the 

low errors are considered to be acceptable in the 

current context, since it eliminates problems with 

mesh density and distorted elements around fibre 

crossover points. 

 

 

 
Fig. 2 Von-Mises stress comparison between a model 

using an unstructured mesh with tie constraints (top) 

compared with structured embedded elements 

(bottom). (Both images are scaled to the same peak 

stress). Deformation factor is 15 in both cases. 

4 Boundary Conditions 

Boundary conditions are difficult to derive for 

random heterogeneous fibre composites and also 

have a large impact on the RVE generation. It is 

common to see periodic conditions imposed [10, 11], 

where the inhomogeneous material is approximated 

by an infinitely extended model material with a 

periodic phase arrangement. However, enforcing 
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periodicity for long slender fibres with larger aspect 

ratios influences the local fibre volume fraction 

distribution around the edge of the model, which can 

affect the critical size of the RVE[12]. 

 According to St Venant’s principle [28], the effects 

of incorrectly prescribed boundary conditions affect 

only a limited zone next to the boundary. An 

approximation to the exact solution can be found if a 

sub-domain is extracted from the model at some 

critical ‘decay length’ away from the boundary [13]. 

An alternative approach uses an embedded cell to 

avoid imposing periodicity [14, 15], where a core 

region is embedded in a homogeneous material that 

simply transmits the applied load [30]. It allows the 

core to be studied at a high spatial resolution, but 

similar to the periodic approach, embedding causes 

perturbations in the local stress and strain fields at 

the boundary of the core.  

Two modelling approaches are investigated in the 

current paper; using St Venant’s principle to 

establish the ‘critical decay length’ of incorrectly 

prescribed periodic boundary conditions. This is 

achieved by extracting the stress/strain field from an 

inner cell whose boundaries are the decay length 

away from of the model boundaries. One of the 

modelling approaches, named here as the 

heterogeneous approach, consists of fibres within 

the entire model. For the other approach, named the 

homogenous approach, fibres only exist within the 

inner RVE cell, and homogeneous material 

properties are signed to the gap between the two 

boundaries. 

All cells are subjected to periodic boundary 

conditions, assuming translational symmetries in the 

x and y directions. The average stress and strain 

calculations have been implemented into a Python 

script within ABAQUS/CAE in order to calculate 

the effective moduli. In principal, stress and strain 

values should be calculated as volume averaged 

quantities considering all the fibre and resin 

elements, however due to the strain compatibility 

between the resin and the fibre during embedding; 

only the average strain within resin elements is 

considered, which can be expressed as: 

 

  
    

 

 
   

         (2) 

 

where x denotes the tensor component 

corresponding to the load case. 

When calculating the stress, both fibre and resin 

contributions need to be considered: 

 

  
    

 

 
    

            
          (3) 

5 Mesh Sensitivity Analysis 

The influence of varying finite element mesh density 

on the stress/strain distribution within the model is 

studied using embedded elements. The same length 

is used for the beam elements and the side length of 

the continuum elements, which gradually decreases 

from 2mm to 0.0125mm. The fibre architecture 

produced by the RVE generator remains constant for 

each fibre volume fraction studied. A 20x20mm 

model is used for each case.  

Fig. 3 indicates that the average RVE stress takes 

longer to converge for higher fibre volume fractions. 

A greater number of embedded beam elements share 

the same host elements at higher volume fractions; 

therefore the mesh needs to be finer to account for a 

greater number of bundle ends and crossover points. 

This would also be true for coupons of increasing 

thickness because of the planar 2D architecture 

created by the RSA model. The error between an 

element length of 0.05mm and 0.0125mm is less 

than 1% in all cases: 0.27% for 10% Vf, 0.58% for 

30% Vf and 0.84% for 50% Vf. An element length 

of 0.05mm has been used for all subsequent models. 

 

 

Fig. 3 Effect of mesh density for three different fibre 

volume fractions. Numbers inset represent the resin 

element edge length and the beam length. 

6 Decay length of boundary conditions 

The critical decay length has been established for a 

range of models containing different fibre lengths 

(2.5mm and 10mm), volume fractions (10%, 30%, 

50%) and random fibre orientations. The RVE 
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boundary length was set to two times the fibre length 

in all cases, as suggested in [16].  

 

 

Fig. 4 Decay length study for two different embedded 

cell approaches. 10mm fibre length, 10% vf. (Decay 

length is plotted as a function of fibre length). 

 
A selection of models is used to evaluate the 

heterogeneous approach, and this selection is then 

repeated using the homogeneous approach. The 

challenge using the homogeneous approach is 

selecting appropriate material properties for the 

outer region. For this study they have been obtained 

from the converged values from the heterogeneous 

models. Fig. 4 shows how the in-plane stiffnesses 

vary with increasing decay length (‘d’) for a model 

consisting of 10mm long fibres, randomly 

distributed at a fibre volume fraction of 10% (results 

are normalised wrt fibre length ‘l’). Comparisons are 

made between the heterogeneous model and the 

homogeneous model. Table 1 summarises the results 

for the two approaches, at different fibre lengths and 

volume fractions. In all cases the homogeneous 

model converges much quicker than the 

heterogeneous model, at approximately d/l≈0.5 

(d/l≈2 for heterogeneous model) and the CPU time 

was largely reduced compared with the 

corresponding heterogeneous model. However, there 

is an error of up to 13% between the converged 

values from the two models (E1 – 3.0% error, E2 – 

12.9% error, G12 – 9.2% error). This error is 

independent of fibre volume fraction, but dependent 

on the fibre length and is generally lower for shorter 

fibres. The homogeneous model provides a very 

good approximation for the in-plane stiffnesses for 

an RVE containing 2.5mm long fibres at 10% vf (E1 

– 0.005% error, E2 – 0.006% error, G12 – 0.289% 

error).  

 

Fig. 5 shows a comparison of stress contours 

extracted from the inner RVE boundary of both 

modelling approaches. The images are for the 

vertical loading case and are taken from the data 

presented in Fig. 6 at d/l=5. Both models share 

similar internal features, such as stress 

concentrations at the bundle ends, but it is clear that 

there are additional stress perturbations at the RVE 

boundary for the homogeneous model. When fibre is 

cropped at the inner boundary for the homogeneous 

model, an artificial fibre end is introduced, causing a 

stress concentration in the matrix material. The 

displaced shape of the homogeneous model is also 

affected by the local discontinuities, particularly 

along the top and bottom boundaries.  

Whilst the homogeneous model converges at shorter 

decay lengths compared with the heterogeneous 

model, accuracy is dominated by the boundary 

effects around the perimeter of the RVE. 

Convergence of the heterogeneous model is clearly 

influenced by the heterogeneity of the surrounding 

material, but even so, it is considered to be a more 

reliable approximation because it eradicates the 

artificial stress concentrations that are present in the 

homogeneous model.  

 
Table 1 Error values used to establish convergence of 

decay length for both heterogeneous and homogeneous 

approaches. (‘d’ is decay length and ‘l’ is fibre length) 

 
 

From Fig. 4, all three stiffness values converge after 

a decay length of two times the fibre length (20mm) 

for the heterogeneous approach. All three curves 

plateau at d/l =2 and the error between this point and 
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d/l=5 is less than 1% for all three stiffness 

components. Stress contours plotted in Fig. 6 show 

that a decay length ratio of d/l=2 gives a good 

approximation of the stress field within the inner 

RVE boundary. All three plots share similar features, 

but the magnitude of the stresses around the 

boundary of d/l=0.5 are generally lower than d/l=2 

and d/l=5. The displaced shape for d/l=2 is identical 

to d/l=5. The edges are not straight and therefore 

conventional displacement boundary conditions for 

this RVE model would indeed be inappropriate, 

which further supports the use of St Venant’s 

principle for heterogeneous materials.   

 

 
 

 

Fig. 5 Comparison of Von-Mises stress contour plots 

for an RVE containing 10mm long fibres at 10% vf. 

Deformed shape from heterogeneous model (top), 

deformed shape from homogeneous model (bottom).  

 

 

    

 

 

Fig. 6 Von-Mises stress contours extracted from the 

inner RVE boundary for three different decay 

length/fibre length ratios using the heterogeneous 

approach  0.5 (top), 2 (middle), 5 (bottom). RVE 

consisted of 10mm long fibres at 10% vf. Loading was 

in the horizontal direction). Deformation factor was 

set to 10 and all plots are scaled to the same peak 

stress of 300MPa. 

 

Results from a range of other scenarios using the 

heterogeneous approach show that all errors appear 

to be ≤2% and the magnitude of the error appears to 

be independent of fibre length, fibre volume fraction. 

The critical decay length is therefore found to be two 

times the length of the fibres in all cases. This 

observation agrees well with findings in [13], which 

shows that the critical decay length is two times the 

length scale of the reinforcing inclusion.  
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7 Conclusions 

A novel embedded element technique has been 

employed to yield simplified FEA meshes for 

discontinuous fibre composites. A test case has 

shown that there is less than 1% error between the 

embedded element approach and a conventional 

unstructured mesh with coincident nodes at the 

fibre-matrix interface. Mesh sensitivity studies 

indicated that the embedded element method was 

sensitive to the number of fibre bundles within the 

RVE model.  

Random fibre architectures have been created to 

evaluate the use of different boundary conditions for 

the heterogeneous fibre architectures. An embedded 

cell approach has been adopted, whereby the RVE 

under consideration was embedded into a tertiary 

material and the effective material properties were 

extracted from the inner region and two different 

approaches have been investigates. A critical decay 

length was found to exist for the both models, over 

which the effect of incorrectly prescribed boundary 

conditions applied to the outer boundary of the 

model became insignificant. The critical decay 

length for the homogeneous model was found to be 

~0.5, however, it was noted that there was a 

boundary effect between the inner embedded RVE 

and the host homogeneous region, due to the large 

stress perturbations present at the bundle ends. 

The critical decay length for the heterogeneous 

approach was found to be 2 times the fibre length in 

all cases. This resulted in much larger models, but 

the effective properties extracted from the inner 

region after convergence were considered to be more 

reliable than the homogeneous approach.                 
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