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1 Introduction  
 
Polymer-Clay Nanocomposites (PCN) offer 
interesting applications to various sectors like 
packaging, transportation and construction. Fast and 
accurate predictive tools for behavior of such 
materials can highly accelerate their ever-growing 
applications by revealing their potential capacity. 
 
Clays, in their natural form, have nano size thickness 
and lie parallely in stacks. Depending on the degree 
of separation and polymer penetration between the 
nano layers, three different morphologies for clay-
polymer systems can be found: intercalated, 
exfoliated and aggregates. At molecular level, 
interactions at the interface between the nanoclay 
and polymer matrix result in the formation of an 
interphase with a thickness of a few nm. 
 
Numerous studies have been performed on the 
analytical modeling of the both intercalated and 
exfoliated PCN [1–5]. However, only some have 
taken into account the interphase effects [4, 5]. The 
analytical studies can be generally categorized in 
one-step and two-step models. In two-step models, 
the two-phase composites models were used after 
homogenizing the reinforcing particles by an 
”effective particle” concept [1, 2]. In ”effective 
particle” concept the layered particle (the exfoliated 
nanoclay surrounded by the interphase or the stack 
of intercalated particles) is homogenized in to a 
single phase. In one step models, which were mainly 
applied for the exfoliated nanoclays with or without 
interphase, all the presented phases (matrix and 
nanoclay and interphase) are models in one single 
step [4, 5].  
 
However, no one-step study is yet performed for 
intercalated composites and more importantly, no 

comparative studies have been yet performed to 
compare the range of the validity, level of 
complexity and time-efficiency of two- and one-step 
models. 
Numerical modeling of PCN has also been subject 
of numerous researches in last years. These models 
vary for simplified two-phase 2D Finite Element 
(FE) models [2–4, 6] to more complex 3D 
multiphase ones [6, 7]. In most of the numerical 
works, the representativeness of the analyzed models 
is not verified. Generally, these numerical studies 
have been used to validate the analytical models 
while their own exactitude is on question. The 
question may have roots in the effects of applied 
simplifications in the modeling on the overall 
results, namely, modeling the arranged particles (not 
randomly positioned), 2D modeling, applying 
simplified boundary conditions and not verifying the 
representativeness of the models.  
 
In this work, the validity of some of commonly used 
analytical models, in both one-step and two-step 
categories were tested against 3D FE models of 
detailed microstructures. The Representative 
Volume Element (RVE) concept was used in FE 
modeling. The possible error introduced by different 
simplifying assumptions such as using two-step 
models and isotropy of particles, in both numerical 
and numerical models, was evaluated. 
 
The paper is organized as follows: Section 2 
presents a brief background on PCN and the 
modeling methods. Section 3 presents the proposed 
modeling strategy. The methodology adopted to 
conduct the comparative study is introduced in 
Section 4. Analysis of the results, experimental 
verification followed by the validation of 
homogenization models is carried out in Section 5. 
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2. background

2.1. PCN

Nanoclay platelets have a thickness of about 1 nm and
their lateral dimensions may vary from 30 nm to several
microns [8]. In exfoliated morphology, an interphase
region forms around each nanoclay platelet (Fig. 1). In
intercalated morphology, the interlayer space is called
gallery and the distance between the central plane of the
nanoclay and the corresponding plane in the next nan-
oclay sheet is referred by d(001). Since the thickness of
each platelet is small, it was assumed that the interphase
lied only on the nanoclay platelet top and bottom sur-
faces. Therefore, the thickness of the effective particle
was obtained from:

dp = ds + 2di + (N − 1)d(001), (1)

where d refers to the thickness, subscripts s, p and i refer
to the silicate layer, the effective particle and the inter-
phase, respectively and N denotes number of nanoclays
in each stack.

2.2. Two-step homogenization models

Luo and Daniel [1], in a two-step model, considered
intercalated PCN as two-phase composites by replac-
ing the intercalated stacks of nanoclays by an equiv-
alent homogenized particle. Equivalent homogenized
particles were also used by Sheng et al. [2] and were
named “effective particles”. This concept was then used
by other researches for both intercalated and exfoliated
nanocomposites [2–4, 9].

2.3. First step

In work of Mesbah et al. [4] and Pahlavanpour et
al. [9] the properties of the effective particles (Young’s
modulus (E), Poissoin’s ratio (ν) and shear modulus
(G)) were computed as per the modified rule of mix-
tures by Tsai and Hahn [10] as:

Ep,11 = Ep,33 = χEs + (1 − χ)Et, (2)

νp,12 = νp,32 = χνt + (1 − χ)νs, (3)

Ep,22 =
EsEt

χEt + (1 − χ)Es − χ(1 − χ)βEtEs
, (4)

νp,13 =
χνsEs(1 − ν2

t ) + (1 − χ)νtEt(1 − ν2
s )

χEs(1 − ν2
t ) + (1 − χ)νtEt(1 − ν2

s )
, (5)

Gp,12 = Gp,32 =
GsGt

χGt + (1 − χ)Gs − χ(1 − χ)ηGtGs
,

(6)

Gp,13 =
Ep,11

2(1 + νp,13)
, (7)

where subscripts 1, 2 and 3 correspond to the principal
axes shown in Fig. 2. Subscripts m, p and t, refer to ma-
trix/bulk polymer, effective particle and the third phase
(interphase or gallery) respectively. χ is the silicate vol-
ume fraction in the effective particle, defined as:

χ =
N ds

dp
. (8)

β and η are defined as:

β =
ν2

s Et/Es + ν2
t Es/Et − 2νsνt

χEs + (1 − χ)Et
,

η =
ν2

sGt/Gs + ν2
t Gs/Gt − 2νsνt

χGs + (1 − χ)Gt
. (9)

The relationship between the volume fraction of the
effective particle, fp, and the volume fraction of the sil-
icate phase in the composite, fs is:

fp =
fs

χ
. (10)

The aspect ratio of the effective particle, ap, was defined
as

ap =
dp

`
, (11)

where ` is the length of the nanoclay platelet. Eqs (2-7)
present the properties of the Transverse Isotropic (TIso)
Effective Particle (EP). For the simplified Isotropic (Iso)
EP, only two independent constants, Ep and νp, were
required, which were approximated by Ep,11 and νp,12
(Eqs. (2) and (3), respectively).

2.4. Second step

Both analytical and numerical micromechanical
models can be subsequently used in a second step to cal-
culate the mechanical properties of the nanocomposite
[1–4, 9]. Pahlavanpour et al. [9] performed an evalu-
ation study on the validity of some of commonly used
micromechanical models for the prediction of exfoliated
PCN’s elastic properties against results of 3D periodic
FE simulations. They found that the MT model is the
most reliable method to be used as the second homoge-
nization step for all possible ranges of modulus contrast,
aspect ratio of reinforcing phase and its volume fraction
in exfoliated PCN.
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2.5. One-step analytical homogenization models
Two one-step analytical models used in this paper

are the models developed for predicting the proper-
ties of composites with coated particles. One is based
on double-inclusion [11] model that deals with particle
with single layer of coating and the other treats compos-
ites containing particles with multilayer coating [12].

The double-inclusion model as proposed by Hori and
Nemat-Nasser [11] deals with a composite inclusion
consists of an ellipsoidal inclusion embedded in another
ellipsoidal coating layer, that is, further embedded in an
infinitely extended homogeneous medium. The shape
and orientation of the inclusion and the coating, and the
elastic properties of the three phases can be arbitrary. Ju
and Chen [13] derived the general governing equations
for composites containing unidirectionally oriented par-
ticles, called “Interacting Double Inclusion” (IDI) ap-
proach herein. This approach is used in order to take
into account not only the particle-matrix interaction, but
also the interaction between particles. In the case of
three-phase nanocomposites, and according to Liu and
Sun [14], one may write the effective stiffness tensor of
the nanocomposite, Ceff, as

Ceff = C0 : [I − ΦΣTΣ : (ΦΣSΣ + I)−1], (12)

where C0 denotes the stiffness tensor of the matrix,
I refers to the fourth-order identity tensor, ΦΣ is the
volume fraction of composite inclusion and TΣ is the
fourth-order tensor given by:

TΣ = φpTp + φiTi. (13)

Tp and Ti are two fourth-order tensors defined by

Tp = −
[
(Sp + Ap) + ∆S :

(
Sp − φp/φi∆S + Ai

)−1

:
(
Sp − φp/φi∆S + Ap

) ]−1
, (14)

Ti = −
[
∆S + (Sp + Ap) :

(
Sp − φp/φi∆S + Ap

)−1

:
(
Sp − φp/φi∆S + Ai

) ]−1
, (15)

where φp and φi refer to the particle and interphase vol-
ume fraction inside the composite inclusion Σ = p + i,
∆S denotes SΣ−Sp where S are the Eshelby tensors [15]
for the composite inclusion medium Σ and the particle
p, respectively. These tensors only depend on the Pois-
son’s ratio of the matrix and on the aspect ratio of the
medium. Ap and Ai are two mismatch material property
fourth-order tensors for domain p and i expressed by

Ap = (Cp − C0)−1 : C0, Ai = (Ci − C0)−1 : C0.
(16)

In a simplified version of this model, called simplified
IDI hereinafter, it is assumed that the interphase around
the particle has the same aspect ratio as that of the par-
ticle: SΣ = Sp and ∆S = 0. Consequently, Eqs. (14) and
(15) become much simpler. Mesbah et al. [4] used sim-
plified IDI to predict the elastic properties of exfoliated
PCN.

A one-step model to deal with linear elastic n-layered
coated ellipsoids is the model of Lipinski et al. [12],
called “multi-coated model” hereinafter. The model is a
self-consistent model based on a combination of Greens
function techniques with interface operators, illustrating
the stress and strain jump conditions at the interfaces be-
tween two adjacent coatings, which are considered per-
fectly bonded. In this model, the stiffness tensor of the
composite is calculated as:

Ceff = C0 +

n∑
j=1

φ j(C j − C0) : A( j), (17)

where the strain concentration tensors A( j) [12], de-
terminated by the Generalized Self-Consistent Scheme
(GSCS), takes the form A( j) = α j : A where

A =

[
I + TI(C) :

 n∑
j=0

φ j∆C( j/eff) : α j

 ]−1

, (18)

and ∆C( j/eff) = C j −Ceff [12]. The concentration opera-
tors α j are

α1 =

 n∑
j=0

φ jw j

−1

, (19)

α j + 1 = w j + 1 : α1,

where the tensor wi is defined such that

w1 = I, w2 = ω(2/1), (20)

w j+1 =

j∑
k=1

(
φkω

( j+1/k) : wk
)

j∑
k=1

φk

.

ω( j+1/k) is the concentration tensor describing the jump
of average strains between the layer j + 1 and layer k.
The expressions below defines the general form of this
tensor

ω( j+1/k) = I −
[
TΩ j (C j+1) −

j∑
l=1
φl

φ j+1
(TΩ j+1 (C j+1)−

TΩ j (C j+1))
]

: ∆C( j+1/k)

for k = 1, .., j (21)

3

ICCM19 4749



where ∆C( j+1/k) = C j+1 − Ck and

TΩ j+1 (C j+1) = SΩ j+1 (C j+1) : (C j+1)−1, (22)

in which SΩ j+1 (C j+1) is the well-known Eshelby tensor
which depends on aspect ratio of the inclusion Ω j+1 and
matrix C j+1 elastic properties.

3. The modeling strategy

The multiscale modeling strategy used herein con-
sisted of both two-step and one-step homogenizations.
In two-step models, step I aimed at computing the ef-
fective properties of the stack of nanoclay platelet sur-
rounded by its interface. This allowed computing the EP
properties. The effective particles were then considered
as inclusions in Step II where different analytical mod-
els (i.e. Mori-Tanaka (MT) model [16, 17], Lielens’s
model [18] and Self-Consistent (SC) scheme [19, 20]),
as well as numerical homogenization models were used
to obtain the overall properties. Employing different an-
alytical models as the second step combined with the EP
concept as the first step of homogenization lead to the
different analytical modeling procedures (i.e. MT/EP,
Lielens/EP and SC/EP).

In one-step models, both IDI and multi-coated mod-
els are used for exfoliated morphologies. For the in-
tercalated morphology, the multi-layer stack is modeled
as a multi-coated ellipsoid. Considering the very small
thickness of the nanoclay and its high aspect ratio in
this morphology (0.005), this assumption seems to be
reasonable.

In numerical modeling, Layered Particles (LP) are
modeled as well as the EP following the same method-
ology explained in [9]. Randomly distributed aligned
disk-shaped particles were generated in 3D periodic
Volume Elements (VE) using an algorithm based on
Molecular Dynamics simulations [9, 21]. Periodic
boundary conditions were enforced. The Representative
Volume Element (RVE) concept is used following the
procedure explained by Pahlavanpour et al. [9] through
a two-fold convergence study.

The assumption in both numerical and analytical
models is that all the constituent phases are linearly
elastic and perfectly bonded at their interface.

4. Methodology for quantitative analyses

The properties of the silicate layers were taken
from the results of computational chemistry simulations
available in the literature [22]. The relation to convert

the nanoclay weight fraction, ws, to its volume fraction,
fs, is linearized as [2]

fs ≈
ρm

ρs

1
ψ

ws, (23)

where ρ is the density of each phase and subscript m
refers to the matrix and

ψ =
1(

1 − 1
N

) ( d(001)

ds

)
+ 1

N

. (24)

A density value of ρm = 1000 kgm−3 was assigned to
the matrix [2]. The density of clay platelets, according
to Chen et al. [22] was considered as 3067 kgm−3.

4.1. Exfoliated morphology

The properties of constituent phases are listed in Ta-
ble 1. For comparison purposes, another case with an
imaginary interphase, Case II, is also introduced in Ta-
ble 1. In the lower part of the Table 1, the EP properties
obtained form the first step of homogenization are pre-
sented for both Cases.

For experimental validation, experimental data on
Nylon-6/MMT nanocomposites by Fornes et al. [23]
was used. They claimed nearly complete exfoliation and
good particle alignment with clay content varying from
1.6 to 7.2 wt% [23].

4.2. Intercalated morphology

Constituent phases of the intercalated morphology
are presented in Table 2. The lower part of the Ta-
ble 2 presents the properties of the EP calculated from
the first step of homogenization.

For experimental validation, experimental data on
MXD6 Nylon/MMT nanocomposites by Sheng et al.
[2], with clay content varying from 1.1 to 5.27 wt%,
was used. Intercalated multi-layer stacks were observed
to be well aligned and the structure of intercalated clay
stacks is independent of clay content; in particular, the
average N is 3; and the average interlayer space, d(001)
is 4.1 nm [2].

5. Results and discussion

5.1. Numerical models : Error induced by two-step
models

A simple case that may clearly reveal the possible er-
rors induced by two-step models is the case of exfoli-
ated morphology with imaginary interphase, Case II in
Table 1. Fig. 3 shows the numerical results for Case II
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with both two-step and one-step methods. Although re-
sults of these two methods should be theoretically the
same, using Iso EP at nanoclay volume fraction of 4%
leads to 13% of overestimation of axial Young’s mod-
ulus E11 compared to one-step model with real layered
particles. It is shown that although using the TIso EP
can slightly reduce the error, the overestimation is still
up to 10%. In Fig. 4, the effect of EP concept is inves-
tigated for an exfoliated PCN with real interphase. The
overestimation of the Iso EP is up to 5% whereas use of
the TIso EP can reduce this value to 3.5%. The effect
of using EP concept on the predictions for intercalated
morphologies is shown in Fig. 5, where the Iso EP has
an error of 3% compared to one-step method with real
LPs. Data analysis of the errors occurred in two-step
models, Figs. 3-5, reveals that volume fraction of nan-
oclay ( fs), rigidity contrast between nanoclay and EP
(Es/Ep) and inverse of their aspect ratios (ap/as) have
direct relationship with the percentage error induced by
EP concept. In other word, the more the EP is different
form the nanoclay, in terms of rigidity and aspect ratio,
the more the error of two-step models is pronounced.
Table 3 lists the the influence of rigidity contrast and as-
pect ratio for the three studied cases at fix volume frac-
tion.

One-step numerical models are computationally
more costly than the two-step models in terms of com-
putation memory and time. In the studied cases, the
number of elements was considerably increased (>
5 times) in models with LP compared to the model
consisted of EP. Given the much lower computational
cost of two-step numerical models, one may conclude
that the error induced by EP concept can be acceptable
depending on the application of the results. However,
when it comes to set the numerical results as the bench-
mark to validate the analytical models, any initial error
reduces the exactitude of the evaluation.

5.2. Experimental validation

To verify the general validity of layered numerical
models, experimental data were compared to those of
numerical simulations for both intercalated and exfoli-
ated morphologies in Figs. 6 and 7. It is shown that the
numerical models are very well able to reproduce the
experimental results, especially in exfoliated morphol-
ogy.

5.3. Analytical models

For the exfoliated morphology, the analytical results
obtained by different models are compared to those of
numerical simulations. It is shown that IDI simplified

model delivers result with large errors. The best analyt-
ical model is the one-step IDI model that reproduces nu-
merical results with slightly more accuracy than those of
the two-step MT/TIso EP model and the one-step multi-
coated model.

For the intercalated case, the best analytical model
is the one-step multi-coated that reproduce the numer-
ical results with less than 1% error. The MT/Iso EP
model very well follows its corresponding numerical
model, FE-Iso EP, but it delivers results with 4% er-
ror compared to one-step FE-LP results. The one-step
IDI models are not applicable for intercalated morphol-
ogy because of its multilayer structure. The SC model
clearly overestimates the axial Young’s modulus. Al-
though the rigidity contrast between the EP and the ma-
trix is high (≈ 15), the Lielens’ model does not improve
on MT model probably because of law volume fraction
of the EPs (< 7%) [9]. Considering higher computa-
tional cost of the multi-coated model and being more
difficult to be implemented, one may conclude that the
MT model is the most viable analytical model to pre-
dict axial Young’s modulus of intercalated PCN. How-
ever, it is recommended to use the multi-coated model
to predict intercalated morphologies with high volume
fractions or high contrasts of rigidity.

6. Conclusions

This work evaluated both two-step and one-step ana-
lytical models using 3D FE models of detailed represen-
tative microstructures. The possible error introduced by
two-step models in both numerical and analytical mod-
els, was evaluated. The RVE concept was also used
in FE modeling. This study covered both intercalated
and exfoliated morphologies. Experimental verification
with data extracted from the literature was also used
to validate the overall numerical modeling. Numerical
simulations revealed that using two-step models, rely-
ing on effective particle concept, may introduce con-
siderable percentage of error (up to 13% in the studied
cases). It was found that the more the effective parti-
cle is different form the nanoclay, in terms of rigidity
and aspect ratio, or the higher the volume fraction is,
the more the error of two-step models is pronounced.
Given the much lower computational cost of two-step
numerical models, the error induced by EP concept can
be acceptable depending on the application of the re-
sults. However, when the numerical simulations are to
be used as validating means whose accuracy should be
unquestionable, the one-step models are recommended.

In analytical modeling, the two-step MT/EP model
generates very well the exfoliated results whereas in in-
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tercalated morphologies, it delivers predictions with a
low percentage error (< 4%) compared to one-step nu-
merical model. IDI model followed by multi-coated
model is found to be the most accurate one-step ana-
lytical model for exfoliated morphology. For the in-
tercalated morphology, the multi-coated model is the
only model that delivers very accurate results. Given the
less computational cost and simplicity of two-step MT-
based models, this model is recommended viable to be
exploited as a fast and reliable analytical model. How-
ever, it is recommended to use the multi-coated model
to predict intercalated morphologies with high volume
fractions or high contrasts of rigidity.
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Figure 1: Three-layer reinforcing stacks in exfoliated composites.
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Figure 2: Periodic volume element with disk-shaped particles aligned
perpendicular to the axis 2.
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Figure 3: Prediction of one-step (LP) and two-step (Iso EP and Tiso
EP) FE models for exfoliated morphology with the imaginary inter-
phase, Case II. The bars correspond to confidence intervals on the
average level of 95%.
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Figure 4: Prediction of one-step (LP) and two-step (Iso EP and Tiso
EP) FE models for exfoliated morphology with the real interphase,
Case I. The bars correspond to confidence intervals on the average
level of 95%.
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Figure 5: Prediction of one-step (LP) and two-step (Iso EP) FE mod-
els for intercalated morphology. The bars correspond to confidence
intervals on the average level of 95%.
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Figure 6: Experimental validation of one-step (LP) FE model for ex-
foliated morphology, Case I. The bars correspond to confidence inter-
vals on the average level of 95%.
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Figure 7: Experimental validation of one-step (LP) FE model for in-
tercalated morphology. The bars correspond to confidence intervals
on the average level of 95%.
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Figure 8: Validation of one-step (Multi-coated, IDI, simplified IDI)
and two-step (MT/TIso EP) analytical models against one-step (LP)
FE model. Exfoliated morphology, Case I. The bars correspond to
confidence intervals on the average level of 95%.
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Figure 9: Validation of one-step (Multi-coated) and two-step (MT/Iso
EP, Lielens’s/Iso EP, SC/Iso EP) analytical models against one-step
(LP) FE model. Intercalated morphology. The bars correspond to
confidence intervals on the average level of 95%. analytical models,
intercalated case.
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Table 1: Property of phases in the exfoliated PCN.

Young’s modulus Poisson ratio Thickness
E (GPa) ν d (nm)

Matrix (Nylon-6) [23] 2.8 0.35 NA

Nanoclay (MMT) [22] 178 0.28 1∗

Interphase Case I [9, 24] 13 0.35 3
Case II 2.8 0.35 3

Case I Iso 36.6 0.34 7

Effective Particle TIso E11 = E33 = 36.6 ν12 = ν32 = 0.34 7
E22 = 16.2 ν13 = 0.37

(G12 = G32 = 6.01, G13 = 13.25 GPa)

Case II Iso 27.82 0.34 7

TIso E11 = E33 = 27.82 ν12 = ν32 = 0.34 7
E22 = 3.65 ν13 = 0.3

(G12 = G32 = 1.35, G13 = 10.66 GPa)

* Nanoclay aspect ratio was considered as 0.01 in all exfoliated configurations.

Table 2: Property of phases in the intercalated PCN.

Young’s modulus Poisson’s ratio Isotropy Thickness
E (GPa) ν d (nm)

Matrix (MXD6 Nylon) 4.14 0.35 Iso NA
Nanoclay (MMT) [22] 178 0.28 Iso 1∗

Gallery [2] 4.14 0.35 Cubic symmetry 3.1
(G = 0.015 GPa)

Effective Particle 60.83 0.33 Iso 9.2
* Nanoclay aspect ratio was considered as 0.005.

Table 3: Influence of rigidity contrast and aspect ratio in error induced by two-step numerical models.

Es/Ep ap/as Error∗

Intercalated PCN 2.93 9.2 2.18%
Exfoliated (Case I) 4.86 7 2.82%
Exfoliated (Case II) 6.4 7 6.47%

* The error is calculated between the Iso EP and LP models.
fs = 2% for all the three cases.
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