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ABSTRACT 

Stochastic analysis of heterogeneous materials starting from the constituent level directly is 

necessary and shows a promising prospect in the application of material design. In this paper, spectral 

stochastic homogenization method is developed by combining asymptotic expansion homogenization 

and spectral stochastic method, which is further implemented in a commercial finite element package. 

The probability distribution of stochastic effective properties, including transverse moduli and thermal 

expansion coefficient are predicted with the developed method, the result of which shows a matching 

accuracy with that of Monte Carlo simulation, but the spectral stochastic homogenization method is 

much more computationally efficient.  

 

1 INTRODUCTION 

Composites have exceptional stiffness and strength properties and thus are extensively applied in 

aerospace industry as high performance structural materials. Unlike metallic materials, composites 

consist of multiple constituents, such as matrices and reinforcements. Uncertainties as the properties of 

each constituent usually show, stochastic effective or overall properties are needed in the reliability 

analysis of a structure component in engineering applications [1]. To this end, different micro-

mechanics approaches combined with stochastic methods have been proposed. Bounds prediction and 

refined estimates have been conducted in analytical framework [2, 3]. The corresponding development 

in numerical aspect, computational homogenization, as one ingredient in multiscale technology, has 

been extensively studied in recent decades [4].  

 

Combined with computational homogenization method, various stochastic methods can be utilized 

to predict stochastic effective properties of composites arising from the randomness of constituent 

material properties. Monte Carlo simulation, known as a universal stochastic method, was carried out 

to assess the uncertainty of the equivalent properties due to not only the randomness of constituent 

moduli [5] but also microstructural morphology [6]. The demand of computational efficiency impels 

the development of non-sampling based methods. Perturbation methods, among the most popular 

ones, were applied in two-dimensional and three-dimensional asymptotic homogenization of 

composites [7, 8]. A stochastic multi-scale computational homogenization method have been 

developed recently [9] and applied to woven textile composites [10].  

 

Good results though perturbation methods can obtain for the first two statistical moments under 

condition of small variation, probability distribution prediction and the case of large variation are 

beyond their capability. Another method mentioned in [11], spectral stochastic method, emerges as a 

powerful alternative. Related research on the application of this method in homogenization remains 

few [12]. Recently, the authors have developed a novel method for the implementation of the spectral 

stochastic method within commercial finite element (FE) packages [13]. In this paper, the method is 

extended for the spectral stochastic homogenization of composites with randomness in constituent 

material properties and stochastic effective thermo-elastic properties are predicted.  
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2 SPECTRAL STOCHASTIC HOMOGENIZATION METHOD 

2.1 Description of stochastic homogenization formulation 

Computational homogenization method has been a research hotspot over the past decades. So-

called representative volume element (RVE) is solved to calculate effective properties based on 

asymptotic method [7] or Hill-Mandel macrohomogeneity condition [9]. Asymptotic homogenization, 

the focus of this paper, aims at solving partial differential equation (PDE) with rapidly oscillating 

coefficients, the corresponding physical phenomenon of which can be found in many engineering and 

scientific problems, such as fibre reinforced composites, laminated plates and so on [14]. An 

approximation with much smoother coefficients can be derived with asymptotic homogenization, 

resulting a two-scale problem.  

 

 

Figure 1: Illustration of homogenization method. 

As shown in Fig. 1, besides the original scale 𝒙 , another length scale 𝒚 = 𝒙 𝜁⁄ (𝜁 ≪ 1)  is 

introduced to describe the fast variable, corresponding to macroscale and microscale in the context of 

composites, respectively [14]. With the assumption of periodic microstructure, the stiffness tensor and 

thermal expansion tensor of material properties only depend on the microscale  

𝔻𝜁(𝒙) = 𝔻(𝒚) = 𝔻(𝒙 𝜁⁄ ),  

𝜶𝜁(𝒙) = 𝜶(𝒚) = 𝜶(𝒙 𝜁⁄ ),  
(1) 

where superscript 𝜁  denotes the 𝜁  Y-periodicity in the system of coordinates 𝒙 . Considering 

randomness in the stiffness tensor, the strong form of original boundary value problem can be written 

as  

𝛁𝜁 ∙ 𝝈𝜁(𝒙, 𝝃) + 𝒃 = 0, in Ω;  

𝝈𝜁(𝒙, 𝝃) = 𝔻𝜁(𝒙, 𝝃): 𝝐𝜁(𝒙, 𝝃) − 𝜷𝜁(𝒙, 𝝃)(𝑇 − 𝑇0), in Ω;  

𝝐𝜁(𝒙, 𝝃) = ((𝛁𝜁𝒖𝜁(𝒙, 𝝃))
𝑇

+ 𝛁𝜁𝒖𝜁(𝒙, 𝝃)) 2⁄ , in Ω;  

𝒖𝜁 = �̂� on ∂𝑢Ω, 𝝈𝜁 ∙ 𝒏 = �̂� on ∂𝑡Ω,  

(2) 

where 𝝃 is random variable or vector, 𝜷𝜁(𝒙, 𝝃) = 𝔻𝜁(𝒙, 𝝃): 𝜶𝜁(𝒙, 𝝃) and 𝛁𝜁 = 𝛁𝒙 + 𝛁𝒚 𝜁⁄  according 

to the chain rule.  

 

A double-scale asymptotic expansion of displacement field is expressed as  

𝒖𝜁(𝒙, 𝝃) = 𝒖(0)(𝒙, 𝒚, 𝝃) + 𝜁𝒖(1)(𝒙, 𝒚, 𝝃) + 𝜁2𝒖(2)(𝒙, 𝒚, 𝝃) + 𝑂(𝜁3),  (3) 

where 𝒖(0)(𝒙, 𝒚, 𝝃) = 𝒖(0)(𝒙, 𝝃) can be proved. Then strain and stress can be easily derived as  
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𝝐𝜁(𝒙, 𝝃) = 𝜁−1𝝐(0)(𝒙, 𝒚, 𝝃) + 𝝐(1)(𝒙, 𝒚, 𝝃) + 𝜁1𝝐(2)(𝒙, 𝒚, 𝝃) + 𝑂(𝜁2),  

𝝈𝜁(𝒙, 𝝃) = 𝜁−1𝝈(0)(𝒙, 𝒚, 𝝃) + 𝝈(1)(𝒙, 𝒚, 𝝃) + 𝜁1𝝈(2)(𝒙, 𝒚, 𝝃) + 𝑂(𝜁2).  
(4) 

With these expansions, the two-scale problem can be derived directly by substituting Eq. (3) and (4) 

into Eq. (2) or through a variational form, details of which refer to literatures [4]. The homogenized 

problem can then be given by  

𝛁𝒙 ∙ 𝝈ℎ(𝒙, 𝝃) + 𝒃 = 0, in Ωℎ;  

𝝈ℎ(𝒙, 𝝃) = 𝔻ℎ(𝒙, 𝝃): 𝝐ℎ(𝒙, 𝝃) − 𝜷ℎ(𝒙, 𝝃)(𝑇 − 𝑇0), in Ω
ℎ;  

𝝐ℎ(𝒙, 𝝃) = ((𝛁𝒙𝒖
ℎ(𝒙, 𝝃))

𝑇
+ 𝛁𝒙𝒖

ℎ(𝒙, 𝝃)) 2⁄ , in Ωℎ;  

𝒖ℎ = �̂� on ∂𝑢Ωℎ, 𝝈ℎ ∙ 𝒏 = �̂� on ∂𝑡Ω
ℎ,  

(5) 

where superscript ℎ denotes homogenization and 𝜷ℎ(𝒙, 𝝃) = 𝔻ℎ(𝒙, 𝝃): 𝜶ℎ(𝒙, 𝝃).  

 

Effective properties of composites can be derived from the homogenized stiffness tensor 𝔻ℎ(∙, 𝝃) 

and thermal expansion tensor 𝜷ℎ(∙, 𝝃), which have expressions as  

𝔻ℎ(∙, 𝝃) =
𝟏

|Y|
∫ 𝔻(𝒚, 𝝃): (𝕀 − 𝛁𝒚𝝌(𝒚, 𝝃))

𝑇
d𝑦

Y
,  

𝜷ℎ(∙, 𝝃) =
𝟏

|Y|
∫ (𝜷(𝒚, 𝝃) − 𝔻(𝒚, 𝝃): 𝛁𝒚𝜸(𝒚, 𝝃)) d𝑦
Y

,  

(6) 

where 𝝌(𝒚, 𝝃) is the mechanical characteristic displacement tensor of third-order and 𝜸(𝒚, 𝝃) is the 

thermomechanical characteristic displacement tensor of first-order, which is solved by  

𝛁𝒚 ∙ (𝔻(𝒚, 𝝃): (𝕀 − 𝛁𝒚𝝌(𝒚, 𝝃))
𝑇
) = 0,  

𝛁𝒚 ∙ (𝜷(𝒚, 𝝃) − 𝔻(𝒚, 𝝃): 𝛁𝒚𝜸(𝒚, 𝝃)) = 0.  

(7) 

For the purpose of numerical solution, weak formulations can be written as  

∫ 𝛁𝒚𝒗:𝔻(𝒚, 𝝃): (𝛁𝒚𝝌(𝒚, 𝝃))
𝑇
d𝑦

Y
= ∫ 𝛁𝒚𝒗:𝔻(𝒚, 𝝃)d𝑦

Y
, ∀𝒗 ∈ ṼY,  

∫ 𝛁𝒚𝒗:𝔻(𝒚, 𝝃): 𝛁𝒚𝜸(𝒚, 𝝃)d𝑦
Y

= ∫ 𝛁𝒚𝒗:𝜷(𝒚, 𝝃)d𝑦
Y

, ∀𝒗 ∈ ṼY,  

(8) 

where ṼY is the set of Y-periodic continuous and sufficiently regular functions with zero average in Y. 

Eq. (8) is usually solved by FEM, the matrix form of which is given by  

⋀ (∫ 𝑩𝑒𝑇𝑫𝑒(𝝃)𝑩𝑒d𝑦
Y𝑒 𝝌𝑒(𝝃))

𝑛𝑒𝑙𝑒
𝑒=1 = ⋀ (∫ 𝑩𝑒𝑇𝑫𝑒(𝝃)d𝑦

Y𝑒 )
𝑛𝑒𝑙𝑒
𝑒=1 ,  

⋀ (∫ 𝑩𝑒𝑇𝑫𝑒(𝝃)𝑩𝑒d𝑦
Y𝑒 𝜸𝑒(𝝃))

𝑛𝑒𝑙𝑒
𝑒=1 = ⋀ (∫ 𝑩𝑒𝑇𝜷𝑒(𝝃)d𝑦

Y𝑒 )
𝑛𝑒𝑙𝑒
𝑒=1 ,  

(9) 

where 𝜷𝑒(𝝃) = 𝑫𝑒(𝝃)𝜶𝑒(𝝃).  

 

The solution of Eq. (9) is then substituted into Eq. (6) and the homogenized stiffness matrix and 

thermal expansion matrix can be obtained as  

𝑫ℎ(𝝃) = ∑
𝑉𝑒

𝑉𝑡𝑜𝑡
𝑫𝑒(𝝃)(𝑰 − 𝑩𝑒𝝌𝑒(𝝃))

𝑛𝑒𝑙𝑒
𝑒=1 ,  

𝜷ℎ(𝝃) = ∑
𝑉𝑒

𝑉𝑡𝑜𝑡
(𝜷𝑒(𝝃) − 𝑫𝑒(𝝃)𝑩𝑒𝜸𝑒(𝝃))

𝑛𝑒𝑙𝑒
𝑒=1 ,  

(10) 

where 𝑉𝑡𝑜𝑡 is the volume of RVE and 𝑉𝑒 is the volume of a single element. As seen from Eq. (9) and 

Eq. (10), the randomness of homogenized stiffness matrix originates in properties of fibre and matrix 

𝑫𝑒(𝝃) , 𝜶𝑒(𝝃) . To obtain the probability distribution of 𝑫ℎ(𝝃)  and 𝜷ℎ(𝝃) , repeatedly generating 
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samples of 𝑫𝑒(𝝃), 𝜶𝑒(𝝃) and solving Eq. (9) and Eq. (10) is a direct method but time-consuming. 

Thus, a non-sampling method is introduced in the following section.  

 

2.2 Application of spectral stochastic method 

Spectral stochastic method adopts Polynomial Chaos expansion to discretize random variables in 

stochastic space, which is usually combined with finite element method and thus also termed as 

spectral stochastic finite element method [11]. This method is initially developed to solve stochastic 

linear static problem and employed in this work to analyze stochastic homogenization problem. 

Suppose the input stochastic parameters can be expressed as a linear combination of random variables 

𝑫𝑒(𝝃) = ∑ 𝑫𝑖
𝑒𝜉𝑖

𝑁−1
𝑖=0 ,  

𝜶𝑒(𝝃) = ∑ 𝜶𝑖−𝑁−1
𝑒 𝜉𝑖

𝑀+𝑁−1
𝑖=𝑁 ,  

(11) 

and approximation of solution variables can be expressed with truncated Polynomial Chaos expansion 

as  

𝝌𝑒(𝝃) = ∑ 𝑿𝑗
𝑒𝛹𝑗(𝝃)

𝑃𝜒−1

𝑗=0
,  

𝜸𝑒(𝝃) = ∑ 𝑹𝑗
𝑒𝛹𝑗(𝝃)

𝑃𝛾−1

𝑗=0
,  

(12) 

where 𝛹𝑗(𝝃) is orthogonal polynomials in terms of random variables [13].  

 

Substitute the mechanical item of Eq. (11) and Eq. (12) into Eq. (9) and the approximation error 

can be minimized through Galerkin approach  

⋀ (𝒌𝑒𝑿𝑒)𝑛𝑒𝑙𝑒
𝑒=1 = ⋀ (𝒇𝑒)𝑛𝑒𝑙𝑒

𝑒=1 ;  

𝒌𝑗𝑘
𝑒 = ∑ ∫ 𝑩𝑒𝑇𝑫𝑖

𝑒𝑩𝑒d𝑦
Y𝑒

𝑁−1
𝑖=0 𝒄𝑖𝑗𝑘, 𝒄𝑖𝑗𝑘 = 𝐸[𝜉𝑖𝛹𝑗(𝝃) ∙ 𝛹𝑘(𝝃)];  

𝒇𝑘
𝑒 = ∑ ∫ 𝑩𝑒𝑇𝑫𝑖

𝑒d𝑦
Y𝑒

𝑁−1
𝑖=0 𝒅𝑖𝑘, 𝒅𝑖𝑘 = 𝐸[𝜉𝑖 ∙ 𝛹𝑘(𝝃)];  

𝑗, 𝑘 = 0, 1,⋯ , 𝑃𝜒 − 1;  

(13) 

where 𝐸[𝑥] denotes the expectation of random variable 𝑥. The same process can be applied to the 

thermomechanical item, which results  

⋀ (�̅�𝑒𝑹𝑒)
𝑛𝑒𝑙𝑒
𝑒=1 = ⋀ (�̅�𝑒)

𝑛𝑒𝑙𝑒
𝑒=1 ;  

�̅�𝑗𝑘
𝑒 = ∑ ∫ 𝑩𝑒𝑇𝑫𝑖

𝑒𝑩𝑒d𝑦
Y𝑒

𝑁−1
𝑖=0 𝒄𝑖𝑗𝑘;  

�̅�𝑘
𝑒 = ∑ ∑ ∫ 𝑩𝑒𝑇𝑫𝑖

𝑒𝜶𝑙−𝑁−1
𝑒 d𝑦

Y𝑒
𝑀+𝑁−1
𝑙=𝑁

𝑁−1
𝑖=0 𝒈𝑖𝑙𝑘, 𝒈𝑖𝑙𝑘 = 𝐸[𝜉𝑖𝜉𝑙 ∙ 𝛹𝑘(𝝃)];  

𝑗, 𝑘 = 0, 1,⋯ , 𝑃𝛾 − 1.  

(14) 

Since Eq. (13) and (14) are two groups of deterministic linear equations, it can be easily solved with 

available FE packages. The solution 𝑿𝑒  and 𝑹𝑒  are then substituted into Eq. (12) and explicit 

expressions of 𝝌𝑒(𝝃) and 𝜸𝑒(𝝃) in terms of simple random variables (e.g., normal random variable) 

can be obtained. However, the stochastic homogenized stiffness matrix still cannot be derived directly 

through Eq. (10), which contains two parts of randomness 𝑫𝑒(𝝃)and 𝝌𝑒(𝝃) or 𝜸𝑒(𝝃).  

 

Polynomial Chaos is employed to expand left hand side of Eq. (10)  

𝑫ℎ(𝝃) = ∑ 𝑫𝑚
ℎ 𝛹𝑚(𝝃)

𝑄𝜒−1

𝑚=0 ,  

𝜷ℎ(𝝃) = ∑ 𝜷𝑚
ℎ 𝛹𝑚(𝝃)

𝑄𝛾−1

𝑚=0 .  

(15) 

For the sake of simplicity, 𝑃𝜒 = 𝑄𝜒 and 𝑃𝛾 = 𝑄𝛾 are assumed. Substitute Eq. (11), (12) and (15) into 
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Eq. (10) and the coefficients in Eq. (15) can be obtained similarly with those in Eq. (12)  

�̅�𝑚𝑚𝑫𝑚
ℎ = ∑

𝑉𝑒

𝑉𝑡𝑜𝑡
(∑ 𝑫𝑖

𝑒𝒅𝑖𝑚
𝑁−1
𝑖=0 − ∑ ∑ 𝑫𝑖

𝑒𝑩𝑒𝑿𝑗
𝑒𝑃𝜒−1

𝑗=0
𝒄𝑖𝑗𝑚

𝑁−1
𝑖=0 )

𝑛𝑒𝑙𝑒
𝑒=1 ,  

�̅�𝑚𝑚𝜷𝑚
ℎ = ∑

𝑉𝑒

𝑉𝑡𝑜𝑡
(∑ ∑ 𝑫𝑖

𝑒𝜶𝑙−𝑁−1
𝑒𝑀+𝑁−1

𝑙=𝑁 𝒈𝑖𝑙𝑚
𝑁−1
𝑖=0 − ∑ ∑ 𝑫𝑖

𝑒𝑩𝑒𝑹𝑗
𝑒𝑃𝛾−1

𝑗=0
𝒄𝑖𝑗𝑚

𝑁−1
𝑖=0 )

𝑛𝑒𝑙𝑒
𝑒=1 ,  

�̅�𝑚𝑚= 𝐸[𝛹𝑚(𝝃) ∙ 𝛹𝑚(𝝃)].  

(16) 

With the explicit expressions by Eq. (15), the probability distribution of stochastic homogenized 

matrices can be obtained by sampling of 𝝃. The effective properties can be derived from compliance 

matrix 𝑺ℎ(𝝃) = (𝑫ℎ(𝝃))
−1

 and  

𝑺ℎ(𝝃) =

[
 
 
 
 

1

𝐸𝑥𝑥
−

𝜈𝑦𝑥

𝐸𝑦𝑦
0

−
𝜈𝑥𝑦

𝐸𝑥𝑥

1

𝐸𝑦𝑦
0

0 0
1

𝐺𝑥𝑦]
 
 
 
 

.  (17) 

Meanwhile, the homogenized expansion coefficient can be obtained by  

𝜶ℎ(𝝃) = 𝑺ℎ(𝝃)𝜷ℎ(𝝃),  (18) 

where 𝜶ℎ(𝝃) = [𝛼𝑥𝑥 𝛼𝑦𝑦 0]𝑇.  

 

3 A NUMERICAL EXAMPLE 

To illustrate the spectral stochastic homogenization method, a 2D unit cell is utilized to analyze 

stochastic effective properties of composites in this section. The fiber volume fraction is 0.47. The 

mean properties of constituent material are listed in Table 1. Young’s moduli and coefficient of 

thermal expansion are assumed to be Gaussian random variables with coefficients of variation 𝐶𝑣.  

 

Constituent 
Young's 

modulus [GPa] 
Poisson’s ratio 

Coefficient of thermal 

expansion [10-6/℃] 

Fiber 379.3 0.1 8.1 

Matrix 68.3 0.3 23.0 

 

Table 1: Material properties of fiber and matrix in composites [15].  

3.1 Numerical implementation 

Traditionally, spectral finite element method (SSFE) is difficult to be implemented in a commercial 

FE package because its formulation is usually developed at a level of global stiffness matrix [11]. To 

overcome this difficulty, the authors have developed the formulation of SSFE at element stiffness 

level, which is realized in Abaqus FEA and then adopted to solve stochastic static problems with 

material properties considered as random field [13]. The idea of stochastic element is extended to 

solve stochastic homogenization problem, which is introduced as follows.  

 

As shown in Fig. 2, standard finite element mesh is employed to discretize the unit cell. Similar 

with deterministic homogenization [16], periodic boundary condition is applied to four edges, AB/DC 

and AD/BC. Point A is constrained to eliminate rigid body motion. But stochastic element is used 

instead of traditional deterministic element. Extra sets of nodes are introduced in stochastic element to 

represent extra degrees of freedom in Eq. (12), which can be considered as discretization in the 

stochastic space. The total number of node sets is determined by the Polynomial Chaos terms, 𝑃𝜒 or 𝑃𝛾 

in Eq. (12) and the extra nodes lie in the same coordinates with the original set of nodes, as shown in 

Fig. 2.  
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Figure 2: Finite element model of the unit cell.  

This stochastic element is implemented in Abaqus FEA through UEL, a user subroutine to define 

an element, details of which refer to previous work [13]. Slight difference for this problem is that two 

kinds of materials are used. A unification expression of two materials for Eq. (10) can be written as 

𝐸(𝝃) = (𝐸𝑓 + 𝐸𝑚) + 𝐶𝑣𝐸𝑓𝜉1 + 𝐶𝑣𝐸𝑚𝜉2,  

𝛼(𝝃) = (𝛼𝑓 + 𝛼𝑚) + 𝐶𝑣𝛼𝑓𝜉3 + 𝐶𝑣𝛼𝑚𝜉4,  
(19) 

where 𝐸𝑚  and 𝛼𝑚 vanish for fiber material while 𝐸𝑓  and 𝛼𝑓  are zero for matrix material. Since the 

numbers of random variables in Eq. (13) and Eq. (14) are different, 2 and 4 respectively, they are 

solved with two jobs separately. Since there are three columns of load vectors at the right hand side of 

Eq. (13), a linear perturbation step with multiple load cases is employed [16]. After the coefficients in 

Eq. (15) are obtained, Monte Carlo simulation is adopted to generate the probability distribution of 

effective properties with MATLAB.  

 

3.2 Results 

Two cases with material properties of small variation (𝐶𝑣 = 0.1) and large variation (𝐶𝑣 = 0.2) are 

analyzed with spectral stochastic method, the results of which are further compared with those 

obtained by Monte Carlo simulation (MCS). The implementation of MCS-based homogenization is 

based on the deterministic homogenization [16], where the material parameters are inputted as 

sampling. Total 104 simulations were conducted. The total CPU time cost for MCS and spectral 

stochastic method are about 2900s and 7s, respectively. Since periodic square array is assumed for 

fiber distribution, material properties after homogenization are isotropic and thus only two transverse 

moduli and thermal expansion coefficient are examined.  

 

Second order Polynomial Chaos is adopted to expand the mechanical and thermomechanical 

characteristic displacement in Eq. (9). The remained Polynomial Chaos terms in Eq. (12), 𝑃𝜒 and 𝑃𝛾, 

are 6 and 15, respectively [13]. The results of the first term (i.e., 𝑿0 and 𝑹0), as plotted in Fig. 3, are 

actually the mean value of 𝝌(𝝃) and 𝜸(𝝃), which show periodicity in terms of displacement and are 

consistent with the results of deterministic homogenization [16]. The results of higher terms, 𝑿1~𝑿5 

and 𝑹1~𝑹15, are similar but smaller in magnitude. The solution variables are then substituted into Eq. 

(16), which derives the coefficients of stochastic homogenized matrices in Eq. (15), as shown in Fig. 4.  
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Figure 3: Mechanical and thermomechanical characteristic displacement (𝐶𝑣 = 0.1):  

(a) (𝑿0)1; (b) (𝑿0)2; (c) (𝑿0)3; (d) 𝑹0.  

 
Figure 4: Coefficients in Polynomial Chaos expansion of homogenized stiffness matrix and thermal 

expansion matrix (𝐶𝑣 = 0.1).  

(a) (b) 

(c) (d) 
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Figure 5: Probability distribution of effective properties:  

(a) 𝐶𝑣 = 0.1, mechanical properties; (b) 𝐶𝑣 = 0.1, thermal property;  

(c) 𝐶𝑣 = 0.2, mechanical properties; (d) 𝐶𝑣 = 0.2, thermal property.  

𝐶𝑣 Statistical results 
Young's modulus 

[GPa] 

Shear modulus 

[GPa] 

Coefficient of thermal 

expansion [10-6/℃] 

0.1 

Mean 147.29/147.24* 45.76/45.74 15.15/15.16 

Standard deviation 11.48/11.51 4.00/4.02 1.16/1.17 

Coefficient of variation 0.078/0.078 0.087/0.088 0.076/0.077 
     

0.2 

Mean 146.03/145.66 45.56/45.45 15.16/15.15 

Standard deviation 23.32/23.29 8.04/8.01 2.36/2.33 

Coefficient of variation 0.160/0.160 0.176/0.176 0.156/0.154 
* Results by spectral stochastic method/MCS 

 

Table 2: The statistical results of stochastic effective properties.  

With the coefficients in Eq. (15) known, stochastic effective properties are further obtained with 

Eq. (17) and Eq. (18). As shown in Fig. 5, the probability distribution of mechanical properties and 

thermal property predicted by spectral stochastic method agree well with that by Monte Carlo 

simulation under both conditions of small variation and large variation. The statistical results are then 

extracted and listed in Table 2. It can be seen that the mean values of these properties predicted are 

almost the same for small variation and large variation while the standard deviation of the case with 

large variation is twice as large as that of small variation. Besides, the coefficient of variation in 

effective properties is slightly smaller than that in constituent material properties. Correlation analysis 

is also conducted on stochastic effective properties. As plotted in Fig. 6, strong and positive 

correlation can be observed between Young’s modulus and shear modulus while almost no correlation 

between Young’s modulus and thermal expansion coefficient.  

 

(a) (b) 

(c) (d) 
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Figure 6: Correlation analysis results:  

(a) 𝐶𝑣 = 0.1, E vs G; (b) 𝐶𝑣 = 0.1, E vs α;  

(c) 𝐶𝑣 = 0.2, E vs G; (d) 𝐶𝑣 = 0.2, E vs α.  

4 CONCLUSIONS 

A spectral stochastic homogenization method is presented for the prediction of stochastic effective 

properties of composites by taking into account the randomness of constituent materials. As a 

combination of computational homogenization method and spectral stochastic method, this newly 

developed method presents many advantages. It is straightforward for the extension of this method to 

any heterogeneous material satisfying the two-scale assumption of asymptotic homogenization 

method, which provides an efficient method to examine many possible scenarios of material 

microstructure before real materials are fabricated. Since uncertainty analysis at multiple length scales 

is essential in Integrated Computational Materials Engineering (ICME), the spectral stochastic 

homogenization method shows an efficient way to link the randomness at two scales, which does not 

cost extensive computational fees. A numerical example with a simple 2D unit cell is adopted to 

validate the method. Both statistical moments and probability distribution of stochastic effective 

properties have been obtained. Besides, correlation analyses have also been conducted to calculate 

correlation coefficients between Young’s modulus and shear modulus, Young’s modulus and thermal 

expansion coefficient. All results show good agreements with those obtained by Monte Carlo 

simulation.  

 

  

(a) (b) 

(c) (d) 

0.975 

0.976 
(Corr. Coeff.) 

0.017 

0.013 
(Corr. Coeff.) 

0.976 

0.975 
(Corr. Coeff.) 

0.011 

0.016 
(Corr. Coeff.) 
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