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ABSTRACT 

Model results show that the fracture resistance of a layered structure can be significantly enhanced by 
introducing weak layers next to a damage prone area. The fracture resistance increase is due to 
simultaneous multiple cracks/delaminations. Cohesive zone modelling is being used to verify analytical 
predictions under pure mode I and mix mode loading. It is shown that for a wide range of cohesive law 
parameters, numerical predictions agree well quantitatively with the theoretical model. The most 
important parameters controlling whether a secondary crack forms is the peak cohesive traction value 
and the ply thickness. Thus, it can be argued that it is possible to enhance the fracture resistance of a 
structure considerably by controlling interfaces and create weak layers. 

   
1 INTRODUCTION 

Layered structures are susceptible to delamination because they often exhibit low interlaminar 
fracture resistance. Through-thickness stresses e.g. due to manufacturing defects or geometric 
discontinuities, can result in initiation and growth of interlaminar cracks which may lead to loss of 
structural integrity [1,2]. A number of techniques have been developed to increase the through-thickness 
fracture resistance of layered structures e.g. fibre reinforced composites. In composite materials, two 
routes to develop damage tolerant composites have been followed: a) tougher matrices [3] and inclusion 
of interleaves [4] and b) modifications of the fibre architecture e.g. stitching [5], z-pinning [6], knitting 
[7] and braiding [8]. These techniques aim to increase the fracture resistance by making the damage 
prone areas stronger. 

In the present work, an alternative approach is followed. We explore the possibility of increasing the 
fracture resistance of a layered structure by introducing weak planes that result in multiple delaminations 
next to a damage prone area. The idea is shown schematically in Fig. 1.  
 

 
 

Figure 1: Crack in a weak layer (secondary crack) as a distance h from the primary crack. δn
*1 is the 

normal end-opening of the primary crack. δn
*2- and δn

*2+ are the normal end-openings of the right and 
left hand side crack tips of the secondary crack. 

The approach is motivated by the experimental results of Rask and Sørensen [9] who observed that 
by changing the ply thicknesses of composite beams bonded together with a thermoset adhesive, more 
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delamination cracks could be developed next to the original adhesive/laminate crack. They found that 
the overall steady-state fracture resistance increases proportionally with the number of secondary cracks 
suggesting a linear relationship between the number of cracks/fracture process zones and the overall 
steady-state fracture resistance. 

Since crack growth/delamination in fibre composite materials [10] or in adhesive joints between 
composite materials [11] involves large scale fibre bridging, the analytical model is based on the path 
independent J integral [12] and thus it is valid for large-scale fracture process zones.  

To test the analytical predictions, a numerical model (cohesive zone modelling implemented in a 
finite element framework, valid also for large-scale fracture process zones) is used. The finite element 
problem analysed is a DCB specimen subjected to pure bending moments as shown in Fig. 2. In order 
to keep the model simple, only two delamination planes, a primary and a secondary crack plane are 
defined.  
 

 
 
Figure 2: Double Cantilever Beam (DCB) specimen subjected to pure bending moments M1 and M2. A 

notch of length d is used to initiate the primary crack. A second, potential, crack is defined at a 
distance h from the primary crack. 

2 ANALYSIS 

The mechanism of the simultaneous crack growth of the primary and secondary crack of Fig. 2, is 
analysed in this Section. 

 
2.1 Concept of cohesive laws 

The fracture process zone of both the primary and secondary crack can be modelled by a cohesive 
zone model [13,14]. The tractions across the crack faces of the fracture process zone are described by 
cohesive laws or traction-separation laws shown in Fig. 3 for pure mode I and mode II (i=1 for the 
primary crack and i=2 for the secondary crack). 

 

 
Figure 3: Schematic of cohesive laws. 𝜎𝜎�𝑛𝑛𝑖𝑖  and 𝜎𝜎�𝑡𝑡𝑖𝑖 are the normal and shear peak tractions. 𝛿𝛿𝑛𝑛𝑖𝑖  and 𝛿𝛿𝑡𝑡𝑖𝑖 are 

the normal and shear openings (i=1 for the primary crack and i=2 for the secondary crack).  
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2.2 Description of multiple crack initiation and growth 

In the description of multiple cracks formation, we consider the case of pure mode I loading (𝑀𝑀1 =
−𝑀𝑀2 in Fig. 2). Under monotonically increasing applied load, the normal traction ahead of the notch 
increases continuously. When the normal stress at the primary crack tip reaches 𝜎𝜎�𝑛𝑛1 , the crack starts to 
open. If at distance h, where the weak plane lies (the second cohesive zone), the normal stress is less 
than 𝜎𝜎�𝑛𝑛2 at any material point along the plane, then there is no crack formation in this plane.  

As the primary crack grows with increasing applied load, the tractions next to the primary crack 
increase. If the normal stress at the secondary plane reaches the peak traction 𝜎𝜎�𝑛𝑛2, then the secondary 
crack forms, close to the current tip of the primary crack. Upon further increase of the applied load, both 
cracks grow (at a different rate) and eventually they are fully developed. The work per unit area behind 
the primary crack tip is denoted as 𝐽𝐽𝑠𝑠𝑠𝑠1  , for the secondary crack as 𝐽𝐽𝑠𝑠𝑠𝑠2 , and for the combined work 
(overall steady-state fracture resistance) as 𝐽𝐽𝑅𝑅,𝑠𝑠𝑠𝑠. 
 

2.3 J integral analysis 

The path independent J integral [12] can be used to derive the overall fracture resistance of the 
problem shown in Fig. 1. Using a local integration path just outside the cracks (fracture process zones), 
it can be shown that the local J integral is [15]:  
 

𝐽𝐽𝑙𝑙𝑙𝑙𝑙𝑙 = 𝐽𝐽𝑙𝑙𝑙𝑙𝑙𝑙1 + 𝐽𝐽𝑙𝑙𝑙𝑙𝑙𝑙2− + 𝐽𝐽𝑙𝑙𝑙𝑙𝑙𝑙2+    (1) 
 

where 𝐽𝐽𝑙𝑙𝑙𝑙𝑙𝑙1  is the J integral value for the path around the primary crack. 𝐽𝐽𝑙𝑙𝑙𝑙𝑙𝑙2−  and 𝐽𝐽𝑙𝑙𝑙𝑙𝑙𝑙2+  are the J integral 
values for the parts of the path running along the crack faces of the left and right hand side of the 
secondary crack, respectively. If the secondary crack extends in both direction then [15]: 
 

𝐽𝐽𝑙𝑙𝑙𝑙𝑙𝑙 = 𝐽𝐽𝑙𝑙𝑙𝑙𝑙𝑙1    (2) 
 

whereas if the left hand side crack tip of the secondary crack remains closed then [15]: 
 

𝐽𝐽𝑙𝑙𝑙𝑙𝑙𝑙 = 𝐽𝐽𝑙𝑙𝑙𝑙𝑙𝑙1 + 𝐽𝐽𝑙𝑙𝑙𝑙𝑙𝑙2+ = Γ𝑛𝑛1 + Γ𝑛𝑛2   (3) 
 

The right hand side crack tip of the secondary crack provides a direct contribution to the overall 
fracture resistance (from path independence 𝐽𝐽𝑅𝑅,𝑠𝑠𝑠𝑠 = 𝐽𝐽𝑒𝑒𝑒𝑒𝑡𝑡 = 𝐽𝐽𝑙𝑙𝑙𝑙𝑙𝑙). 𝚪𝚪𝒏𝒏𝟏𝟏 and 𝚪𝚪𝒏𝒏𝟐𝟐 are the mode I and mode II 
fracture energy for the primary and secondary crack, respectively and represent the total area under the 
cohesive laws for each mode. Eq. 2 can be generalised to N secondary (delamination) cracks and to mix 
mode loading: 
 

𝐽𝐽𝑅𝑅,𝑠𝑠𝑠𝑠 = 𝐽𝐽𝑙𝑙𝑙𝑙𝑙𝑙 = 𝐽𝐽𝑙𝑙𝑙𝑙𝑙𝑙1 + 𝐽𝐽𝑙𝑙𝑙𝑙𝑙𝑙2+ = Γ𝜙𝜙1 + 𝑁𝑁 Γ𝜙𝜙2   (4) 
 

where Γ𝜙𝜙1 and Γ𝜙𝜙2 are the fracture energies (functions phase angle of openings 𝜙𝜙) of the primary and 
secondary cracks. 

 
3 NUMERICAL MODEL 

3.1 Finite element model 

The crack growth problem of Fig. 2 was modelled as a plane strain problem as shown in Fig. 4. Pure 
bending moments are applied to the left hand side beams through rotational displacements in two points 
tied to two analytical rigid surfaces tied to the beams. 

An explicit solver (Abaqus) was used under quasi-static conditions using mass-scaling. It was 
ensured that the sum of the kinetic energy and the energy dissipated by viscosity (viscous damping) was 
less than 0.5% of the strain energy. 
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The J integral evaluated along the external boundaries, under plane strain and mixed mode loading 
is [16]: 

 

𝑱𝑱𝒆𝒆𝒆𝒆𝒆𝒆 = (𝟏𝟏 − 𝝂𝝂)𝟐𝟐  
𝟐𝟐𝟏𝟏 �𝑴𝑴𝟏𝟏

𝟐𝟐 + 𝑴𝑴𝟐𝟐
𝟐𝟐� − 𝟔𝟔𝑴𝑴𝟏𝟏𝑴𝑴𝟐𝟐

𝟒𝟒𝑩𝑩𝟐𝟐𝑯𝑯𝟑𝟑𝑬𝑬
   (5) 

 
where H and B are shown in Fig. 2. E and ν are the Young’s modulus and Poisson’s ratio of the 

beams and the moments M1 and M2 applied to the left hand beam ends are taken positive in the same 
direction. The J integral result is independent of the crack lengths and therefore the overall fracture 
resistance can be directly calculated by extracting the moments from the finite element solutions. 

 

 
 

Figure 4: Geometry, boundary conditions and loads of the finite element model. The primary crack 
plane and the potential crack plane are shown. 

3.2 Cohesive zone modelling 

The crack planes for the primary and potential secondary crack plane are modelled with cohesive 
elements of finite thickness (0.01H) to avoid interpenetration of the surfaces adjacent to the cohesive 
elements. The cohesive zone of the secondary crack extends along the entire specimen length, allowing 
crack extension behind the initial notch.  

 

 
 

Figure 5: Mode I and mode II bilinear cohesive laws for the primary (i=1) and secondary crack (i=2).  

The cohesive laws have a bilinear shape as shown in Fig. 5. The cohesive law stiffnesses, 𝐾𝐾𝑛𝑛𝑖𝑖  and 𝐾𝐾𝑡𝑡𝑖𝑖 
for the primary and secondary cracks are assigned high values to practically have linear softening 
cohesive laws with minimum opening prior to crack opening. It is assumed that the normal and shear 
laws are independent from each other but coupled through a simple failure criterion [17,18]:  

 

𝑭𝑭𝒄𝒄𝒄𝒄𝒄𝒄𝒆𝒆 =  
𝑾𝑾𝒏𝒏

𝒄𝒄

𝚪𝚪𝒏𝒏𝒄𝒄
+
𝑾𝑾𝒆𝒆

𝒄𝒄

𝚪𝚪𝒆𝒆𝒄𝒄
= 𝟏𝟏,    𝒄𝒄 = 𝟏𝟏 𝒐𝒐𝒄𝒄 𝟐𝟐   (6) 
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where 𝑊𝑊𝑛𝑛
𝑖𝑖  and 𝑊𝑊𝑡𝑡

𝑖𝑖  (shaded areas in Fig. 5) represent the work of the normal and shear cohesive 
tractions, respectively.  

The cohesive laws were implemented in a user-defined Abaqus material subroutine. Since in the 
analytical model it is assumed that the left hand side of the secondary crack can unload, it is important 
to include unloading in the implementation of the cohesive laws. The unloading behaviour is show with 
dotted lines in Fig. 5 

 
4 RESULTS 

The overall steady-state fracture resistance depends on a large number of parameters such as the 
cohesive law properties of the secondary crack and the cohesive law properties of the primary crack. 
The mode II cohesive law properties with respect to the mode I cohesive law both for the primary and 
secondary crack. Except from the material properties, geometry, distance h, affects the enhancement of 
the steady-state fracture resistance. Thus, only few selected results are shown in the present work. 
 

4.1 Mode I 

Fig. 6 shows the overall steady-state fracture resistance increase for different peak tractions of the 
secondary crack placed at various distances, h, from the primary crack. For the results shown in Fig. 6, 
the mode I and mode II cohesive laws are identical for both cracks. It can be seen that the steady-state 
fracture resistance is within the limits set by the analytical model (Eqs. 2 and 3). When h is small, then 
𝐽𝐽𝑅𝑅,𝑠𝑠𝑠𝑠 approaches the upper limit (Eq. 3) for a wide range of 𝜎𝜎�𝑛𝑛2/𝜎𝜎�𝑛𝑛1. 

When the peak traction of the secondary crack is larger than the peak traction of the primary crack, 
then only the primary crack opens/grows and thus there is no enhancement in the overall fracture 
resistance. 
 

 
Figure 6: Overall steady-state fracture resistance, 𝐽𝐽𝑅𝑅,𝑠𝑠𝑠𝑠, as a function of the normal peak traction of the 
secondary crack located at distance h from the primary crack. The mode II cohesive law is identical to 

the mode I cohesive law for the primary crack and for the secondary crack. 

4.2 Mix mode 

The effect of the mix mode loading in the increase of the steady-state fracture resistance is shown in 
Fig. 7. In these simulations, the mode I fracture energy is equal to the mode II fracture energy for both 
cracks. The fracture energy is the same for the primary and secondary crack. When the peak traction of 
the secondary crack is smaller than the primary crack peak traction, then there is an enhancement of the 
steady-state fracture resistance for all mode mixities. The effect is more pronounced when the mode 
mixity is closer to mode I. On the other hand when the mode mixity is large (e.g. 75o), the enhancement 
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of 𝐽𝐽𝑅𝑅,𝑠𝑠𝑠𝑠 is moderate. 
 

 
Figure 7: Overall steady-state fracture resistance, 𝐽𝐽𝑅𝑅,𝑠𝑠𝑠𝑠, under mix mode loading, as a function of the 

normal peak traction of the secondary crack located at a distance ℎ/𝐻𝐻 = 0.01 from the primary crack. 
Cohesive peak tractions: 𝜎𝜎�𝑛𝑛1 = 𝜎𝜎�𝑡𝑡1 and 𝜎𝜎�𝑛𝑛2 = 𝜎𝜎�𝑡𝑡2. 

 

Figure 8: Overall steady-state fracture resistance, 𝐽𝐽𝑅𝑅,𝑠𝑠𝑠𝑠, under mix mode loading, as a function of the 
fracture energy of the secondary crack located at a distance ℎ/𝐻𝐻 = 0.01 from the primary crack. Γ𝑡𝑡1 =

Γ𝑛𝑛1, Γ𝑡𝑡2 = Γ𝑛𝑛2, 𝜎𝜎�𝑛𝑛2/𝜎𝜎�𝑛𝑛1 = 0.5 and 𝜎𝜎�𝑡𝑡2/𝜎𝜎�𝑡𝑡1 = 0.5. 

In Fig. 8, the effect of the mode II fracture energy relative to the mode I fracture energy on the steady-
state fracture resistance is shown for two mode mixities. The lower (Eq. 2) and upper limits (Eq. 3) are 
also included. The lower limit, for each mode mixity and Γ𝑡𝑡𝑖𝑖/Γ𝑛𝑛𝑖𝑖  ratio, was numerically calculated from 
the finite element of Fig. 4 containing only the primary crack. It can be seen that the overall steady-state 
fracture resistance is closer to the upper limit as the mode II fracture energy increases relative to the 
mode I fracture energy.  
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5 DISCUSSION 

The mode I results show the importance of the distance h between the primary and secondary crack.  
The overall steady-state fracture resistance approaches its maximum theoretical value only for small h 
values. As h increases, 𝐽𝐽𝑅𝑅,𝑠𝑠𝑠𝑠 does not reach the predicted (upper limit). Thus, effective enhancement of 
the fracture resistance can be realised only if the weak planes are close to the damage prone areas. 

Both mode I and mix mode results show that the overall steady-state fracture resistance can approach 
the upper limit, for certain combination of geometric and cohesive law properties, but it is always lower 
than the upper limit. It is shown in [15] that under mode I loading, the left hand side of the secondary 
crack is not fully closed. Initially it opens and then undergoes unloading and then closes. This can 
explain why, 𝐽𝐽𝑅𝑅,𝑠𝑠𝑠𝑠 is always lower than the upper limit (Eq. 3). As mentioned above, Eq. 3 assumes that 
the left hand side of the secondary crack is fully closed. 

The enhancement of the overall steady-state fracture resistance is less effective as the mode mixity 
increases (see Fig. 8). It will be interesting to extend the current work with different mixed mode 
cohesive laws and investigate how the mix mode coupling affects 𝐽𝐽𝑅𝑅,𝑠𝑠𝑠𝑠. 
 
6 CONCLUSIONS 

A theoretical model is developed based on J integral. It is shown that a linear dependency exist 
between the number of cracks/fracture process zones and the overall steady-state fracture resistance. 
Cohesive zone modelling, consisting of a primary and a secondary crack, is used to examine for which 
cohesive law parameters of the secondary crack the linear dependency is approximately valid. It was 
found that the overall steady state fracture resistance was almost double for a wide range of cohesive 
law parameters as long as the secondary crack lies close to the primary crack. Thus, it is feasible to 
increase the fracture resistance of a layered structure significantly by simply adding weak layers. 
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