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ABSTRACT 

Fiber-reinforced composite frame structure is considered to be an ideal material and structure for 
aerospace structure to realize ultra-lightweight and large-span demanding. Filament winding parameters 
(filament winding angle, winding thickness and winding layer order) have a significant effect on 
performance of the composite frame structure. However, when using the filament winding angle as 
design variables, the objective function feasible domains are non-convex and the traditional gradient-
based optimization algorithm is not effective to get the global optimal solution. The present paper 
proposes a two-step optimization scheme for fiber-reinforced composites frame. When considering 
structural stiffness parameters (tension stiffness, bending stiffness, torsional stiffness) as the design 
variables, the optimization feasible domains are convex. Based on the derivation of equivalent stiffness 
of the composite beam with circular sections, the new method realizes the conversion of the design 
space from a non-convex domain to a convex domain. The proposed scheme can effectively solve the 
non-convex problem when the filament winding angles are considered as the design variables, which 
provides an effective method to obtain a global optimal solution in the optimization of composite frames. 
Numerical examples examine the computational efficiency of the proposed approach.  
 
1 INTRODUCTION 

Fiber-reinforced composite material has a complex microstructure such as filament winding angle, 
winding thickness and winding layer order. These characteristics provide designers large design space. 
Filament winding angle, winding thickness and winding layer order  can be designed to improve the 
performance of the composite structure. When the filament winding parameters are considered as design 
variables, the design space of laminated composites is non-convex. Traditional optimization algorithms 
based on gradient information often converge to the local optima[1-4]. To overcome this problem, many 
researchers adopt heuristic optimization algorithms to optimize the composites [5-7]. However, such 
heuristic algorithms bring a large number of finite element analysis times in the optimization and spend 
lots of calculation time for complex structures. Sigmund [8] pointed out that it is unlikely for non-
gradient topology algorithm to converge to a global optima even for extremely coarse finite element 
discretization. 

An effective way to overcome the above challenges is to use lamination parameters as design 
variables in the laminated composite optimization design. Tsai and Pagano [9] firstly proposed the 
material invariants and 12 lamination parameters to describe stiffness property of the laminated 
composites. The inner surface of laminated composite materials, the outer surface and the coupling 
elastic tensor can be expressed as a linear combination of materials invariants and lamination 
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parameters. At this time each tensor contains four lamination parameters. Such using lamination 
parameters as the variables for the optimization of composite structure can significantly reduce the 
number of design variables. And the process of optimization do not need to consider the number of plies, 
stacking order, et al, reducing the difficulty of solving optimization. Miki [10] adopted the lamination 
parameters as an efficient parametrization of composite to render these optimization problems in a 
convex formulation and provided a new idea in the optimization of laminates. Grenestedt and 
Gudmundson [11] proved that when using lamination parameters as design variables, the feasible 
domains of the parameters is convex and the object functions to be maximized (stiffness, vibration 
frequencies, or buckling loads) are concave functions. It will significantly reduce the complexity for 
solving global optima of optimization problem. However, the 12 lamination parameters are not 
independent. Thus, the lamination parameters feasible domain boundaries must be given by analytical 
description and the lamination parameters can be corresponded to the real composite laminate ply 
design. Many researchers have studied the relation of lamination parameters feasible domain to filament 
winding parameters, see, e.g. Fukunaga and Sekine [12], Hammer and Bensøe [13], Diaconu et al. [14], 
Liu et al. [15], Setoodeh and Abdalla [16], Faria [17]. However, from the previous studies, the feasible 
region of lamination parameters currently known is limited to the part of the laminates which have a 
special ply order, or the structure with a relatively simple geometry. It greatly limits the application for 
optimization design of composite structure which adopting lamination parameters as the design 
variables. Therefore, Foldager et al. [1] proposed a jointed parameter method which combined the 
attributes of ply-angles and lamination parameters. The filament winding angle was used as design 
variables and lamination parameters are used to provide convexity. 

Inspired by Foldager et al. [1], the paper adopt the jointed parameter method in the optimization 
design of composite frames and solve the problem of local optimal when using filament winding angle 
as design variables. The optimization model in filament winding angle space and structural stiffness 
parameters (tension stiffness, bending stiffness, torsional stiffness) space is established. The conversion 
of the optimization feasible region from a non-convex domain to a convex domain is realized. Numerical 
examples show that the proposed two-step optimization scheme can effectively avoid the local optima 
and serious dependence on initial value when using filament winding angles as the design variables. 
 
2 EQUIVALENT THEORY TO COMPOSITE BEAM 

To design efficient composite frame structures, effective computation of composite beam stiffness is 
necessary. Numerous laminated composite beam theories have been developed and evaluated e.g. Wild 
and Vickers [18], Vinson and Sierakowski [19], Jiang et al. [20], Xi and Chen [21]. The aim of this 
section is to obtain the equivalent stiffness of composite beam with circular section based on the layer-
wise constant shear beam theory. 

 
2.1 Layer-wise constant shear beam theory 

For orthotropic composite single plate under the assumption of plane stress (x-y plane), the 
constitutive equation can be expressed as 
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where 𝑄𝑄�𝑝𝑝𝑝𝑝 is the transformed reduced stiffness. 
To express concisely, laminated invariant parameters 𝑈𝑈1 − 𝑈𝑈6  are defined which can be expressed 

as Eq. (3). 
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  𝑈𝑈1 = (3𝑄𝑄11 + 3𝑄𝑄22 + 2𝑄𝑄12 + 4𝑄𝑄66)
8�

𝑈𝑈2 = (𝑄𝑄11 − 𝑄𝑄22)
2�                                 

𝑈𝑈3 = (𝑄𝑄11 + 𝑄𝑄22 − 2𝑄𝑄12 − 4𝑄𝑄66)
8�   

𝑈𝑈4 = (𝑄𝑄11 + 𝑄𝑄22 + 6𝑄𝑄12 − 4𝑄𝑄66)
8�   

𝑈𝑈5 = (𝑄𝑄44 + 𝑄𝑄55)
2�                                

𝑈𝑈6 = (𝑄𝑄44 − 𝑄𝑄55)
2�                                
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The 𝑄𝑄𝑝𝑝𝑝𝑝 can be obtained by 

𝑄𝑄11 = 𝐸𝐸11
1−𝜈𝜈12𝜈𝜈21

,𝑄𝑄22 = 𝐸𝐸22
1−𝜈𝜈12𝜈𝜈21

,𝑄𝑄12 = 𝜈𝜈21𝐸𝐸11
1−𝜈𝜈12𝜈𝜈21

= 𝜈𝜈12𝐸𝐸11
1−𝜈𝜈12𝜈𝜈21

𝑄𝑄44 = 𝐺𝐺23，𝑄𝑄55 = 𝐺𝐺31，𝑄𝑄66 = 𝐺𝐺12 = 𝐺𝐺31

      �                        (3) 

Then the transformed reduced stiffness can be expressed as  
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In the beam theory, it is generally accepted that 𝜎𝜎𝑦𝑦 = 𝜎𝜎𝑦𝑦𝑦𝑦 = 𝜎𝜎𝑥𝑥𝑦𝑦 = 0. Then we can obtain  

  𝜎𝜎𝑥𝑥 = 𝐸𝐸𝑥𝑥𝑖𝑖,𝑗𝑗𝜀𝜀𝑥𝑥      𝜎𝜎𝑥𝑥𝑦𝑦 = 𝐺𝐺𝑥𝑥𝑦𝑦𝑖𝑖,𝑗𝑗 𝛾𝛾𝑥𝑥𝑦𝑦                                                   (5) 

where 𝐸𝐸𝑥𝑥𝑖𝑖,𝑗𝑗, 𝐺𝐺𝑥𝑥𝑦𝑦𝑖𝑖,𝑗𝑗 can be expressed as Eq. (6). 𝐸𝐸𝑥𝑥i,j is the equivalent elastic modulus of the i-th beam, 
j-th layer in x direction. G𝑥𝑥𝑦𝑦𝑖𝑖,𝑗𝑗 is the equivalent shear modulus of the i-th beam, j-th layer. 

𝐸𝐸𝑥𝑥𝑖𝑖,𝑗𝑗 = 𝑄𝑄�11 + 𝑄𝑄�12
（𝑄𝑄�16𝑄𝑄�26−𝑄𝑄�12𝑄𝑄�66）
（𝑄𝑄�22𝑄𝑄�66−𝑄𝑄�26𝑄𝑄�26）

+ 𝑄𝑄�16
（𝑄𝑄�12𝑄𝑄�26−𝑄𝑄�16𝑄𝑄�22）
（𝑄𝑄�22𝑄𝑄�66−𝑄𝑄�26𝑄𝑄�26）

𝐺𝐺𝑥𝑥𝑦𝑦𝑖𝑖,𝑗𝑗 = （𝑄𝑄�55 −
𝑄𝑄�45

2
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2.2 The equivalent stiffness of the composite beam with circular section 

The composite beam with circular cross section is shown in Figure 1. The x direction is perpendicular 
to the y-z plane. R is the distance from the center to the neutral layer. h is the total cross-sectional 
thickness. 𝜌𝜌 is the integration variable in the thickness. Based on the derivation of the single layer 
equivalent elastic modulus and shear modulus, for N layers laminated beams, the equivalent elastic 
modulus and shear modulus can be expressed as the integral along the cross-sectional thickness. Because 
of the different winding angles of each layer, the equivalent elastic modulus of single is non-continuous. 
Therefore, the integration in thickness direction is expressed in the form of accumulating layer by layer 
as Eq. (7). 𝑁𝑁𝑙𝑙𝑙𝑙𝑦𝑦 is the number of layers in a beam. 
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Figure 1: Schematic diagram of the composite beam with circle cross-section 
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To express the design variables in stiffness parameter space concisely, the equivalent elastic modulus 
𝐸𝐸𝑥𝑥���

𝑖𝑖 and shear modulus 𝐺𝐺𝑥𝑥𝑦𝑦�����𝑖𝑖 of the i-th beam are labeled as 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖(Stiffness Parameters). 
Therefore, for the composite beam with circle cross-section, the equivalent tensile stiffness 𝐸𝐸𝐸𝐸����𝑖𝑖 , 

bending stiffness 𝐸𝐸𝐸𝐸���𝑖𝑖 and torsional stiffness 𝐺𝐺𝐸𝐸𝐺𝐺�����𝑖𝑖 can be expressed as  

𝐸𝐸𝐸𝐸����𝑖𝑖 = 𝐸𝐸𝑥𝑥���
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3 THE TWO-STEP OPTIMIZATION SCHEME 

In traditional optimization algorithms based on gradient information, the optimization always 
converge to a local optima rather than the global optima for a non-convex objective function domain. 
To solve this problem, Foldager et al. [1] proposed a joint parametric approach that established a 
minimum optimization problem of laminated parameter space and achieved to find a new starting point 
for optimization in parameter space. This paper applies the joint parametric method to the optimization 
of fiber-reinforced composite frame. In the analysis of frame structure, the overall stiffness matrix and 
the element stiffness parameters (tension stiffness, bending stiffness and torsional stiffness) have a linear 
relationship. Thus the optimized feasible domains are convex when considering structural stiffness 
parameters as the design variables. Then the minimum optimization problem of structural stiffness 
parameter space is established and a new starting point for optimization in angle space is obtained. 
Through multiple iterations, the approximate global optimal solution can be obtained when considering 
filament winding angles as the variables in fact. 

Figure 2 shows the optimization flowchart of the two-step scheme. The superscript SP and OPT 
denote the Starting Point and OPTimum respectively. 
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Figure 2: Optimization flowchart of the two-step scheme 

In the paper, the optimization objective function is minimizing the structural compliance. Generally, 
the layer thickness is a fixed value in the design of the composite laminated frame structure, thus we 
only consider filament winding angles as design variables in this paper. �𝜃𝜃𝑖𝑖,𝑗𝑗�

𝑘𝑘  and �𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖�𝑘𝑘  is the 
filament winding angle and stiffness parameter of the k-th converting step, respectively. The schematic 
diagram of the two space optimization is shown in Figure 3 where x-axis is the angle and stiffness 
parameter space and y-axis is the value of the objective function. The solid black line represents the 
non-convex domain of objective function in angle space. Point A is a local optimum. Point E is the 
global optimum. The black dotted line represents the convex domain of the objective function in the 
stiffness parameter space. The solving process is divided into the following five steps as Foldager et al. 
[1] suggested. 

 

 
Figure 3: Schematic diagram of the two-step optimization 

I. Initialize of angle space optimization and generate a set of random or specific initial filament winding 
angles 𝜃𝜃𝑖𝑖,𝑗𝑗 

𝑆𝑆𝑆𝑆  which are corresponding to the starting point O as shown in Figure 3.  
II. Adopt sequence quadratic program in angle space to find the local optimum point A and the filament 

winding angle 𝜃𝜃𝑖𝑖,𝑗𝑗 
𝑂𝑂𝑆𝑆𝑂𝑂  by several iterations.  

III. Convert the filament winding angle 𝜃𝜃𝑖𝑖,𝑗𝑗 
𝑂𝑂𝑆𝑆𝑂𝑂  corresponding to point A to the stiffness parameter space. 
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The local optimal stiffness parameter � 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖
 

𝑂𝑂𝑆𝑆𝑂𝑂 �
𝑘𝑘

 can be obtained by Eq. (8). Then calculate the 

objective sensitivity information with respect to stiffness parameters 𝜕𝜕𝜕𝜕

𝜕𝜕� 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖
 

𝑂𝑂𝑂𝑂𝑂𝑂 �
𝑘𝑘 by semi-analysis 

method.  
IV. Based on the local optimal stiffness parameter � 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖

 
𝑂𝑂𝑆𝑆𝑂𝑂 �

𝑘𝑘
, the corresponding objective function 

point F can be found in the parameter space. Establish the new minimizing optimization problem 
with a double-objective function in the parameter space. Then determine the new starting point of 
the optimization problem  � 𝜃𝜃𝑖𝑖,𝑗𝑗 

𝑆𝑆𝑆𝑆 �𝑘𝑘+1 . It is worth pointing out that the new starting point of 
optimization need to satisfy the following constraints: 

 𝑓𝑓 �� 𝜃𝜃𝑖𝑖,𝑗𝑗 
𝑆𝑆𝑆𝑆 �𝑘𝑘+1� ≤ 𝑓𝑓 �� 𝜃𝜃𝑖𝑖,𝑗𝑗 

𝑂𝑂𝑆𝑆𝑂𝑂 �𝑘𝑘�

� 𝜃𝜃𝑖𝑖,𝑗𝑗 
𝑆𝑆𝑆𝑆 �𝑘𝑘+1 ≠ ( 𝜃𝜃𝑖𝑖,𝑗𝑗 

𝑂𝑂𝑆𝑆𝑂𝑂 )𝑘𝑘
      �                                            (9) 

which guarantee the optimized direction toward a lower point in the objective function. Through the 
double-objective function, a new point G in stiffness space which is located below the point F can 
be obtained. The point G in the parameter space is corresponding to point D � 𝜃𝜃𝑖𝑖,𝑗𝑗 

𝑆𝑆𝑆𝑆 �𝑘𝑘+1 in the angle 
space which is located between point B and C. The double objective minimize optimization problem 
min 𝐸𝐸
𝜃𝜃𝑖𝑖,𝑗𝑗

 will be illustrated in the next section. 

V. Using � 𝜃𝜃𝑖𝑖,𝑗𝑗 
𝑆𝑆𝑆𝑆 �𝑘𝑘+1 in the angle space as a new starting point to optimize and get the point E. Repeat 

steps III, IV in this process until the Eq. (10) can not determine a new starting point for optimization. 
Thus 𝑓𝑓𝐸𝐸 is the approximate global optimum for the optimization. 
 

3.1 Determine the new starting point for optimization 

As shown in Eq. (10), a double-objective minimizing optimization problem is proposed to determine 
the new starting point for optimization.  

                   min 𝐸𝐸
𝜃𝜃𝑖𝑖,𝑗𝑗

= {4𝑓𝑓1 + 𝑓𝑓2}                                                         (10) 

𝑓𝑓1 can be expressed as Eq. (11). The optimization of 𝑓𝑓1 minimizes the distance between 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������i in the 
stiffness parameter space and the optimal stiffness parameter 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖�𝜃𝜃𝑖𝑖,𝑗𝑗� obtained in the angle space. 
𝑁𝑁𝑆𝑆𝑡𝑡𝑡𝑡 represents the number of beams of the structure. 

                 𝑓𝑓1 = ∑ �1 − 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖�𝜃𝜃𝑖𝑖,𝑗𝑗�
𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖 𝑂𝑂𝑂𝑂𝑂𝑂 �𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡

𝑖𝑖=1                                                 (11) 

The purpose of 𝑓𝑓2 is to ensure that the minimization problem in Eq. (10) can obtain a lower objective 
function value. 𝑓𝑓2 can be expressed as follows: 

           𝑓𝑓2 = ∑

⎩
⎪
⎨

⎪
⎧𝑎𝑎11𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆

������𝑖𝑖�𝜃𝜃𝑖𝑖,𝑗𝑗� + 𝑏𝑏11
𝑎𝑎12𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖�𝜃𝜃𝑖𝑖,𝑗𝑗� + 𝑏𝑏12
𝑎𝑎21𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖�𝜃𝜃𝑖𝑖,𝑗𝑗� + 𝑏𝑏21
𝑎𝑎22𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖�𝜃𝜃𝑖𝑖,𝑗𝑗� + 𝑏𝑏22

�
�

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖�𝜃𝜃𝑖𝑖,𝑗𝑗� ≤ 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖 
𝑂𝑂𝑆𝑆𝑂𝑂

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖�𝜃𝜃𝑖𝑖,𝑗𝑗� > 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖 
𝑂𝑂𝑆𝑆𝑂𝑂

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖�𝜃𝜃𝑖𝑖,𝑗𝑗� ≤ 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖 
𝑂𝑂𝑆𝑆𝑂𝑂

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖�𝜃𝜃𝑖𝑖,𝑗𝑗� > 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖 
𝑂𝑂𝑆𝑆𝑂𝑂

�
�

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖 𝑂𝑂𝑂𝑂𝑂𝑂 ≤ 0

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖 𝑂𝑂𝑂𝑂𝑂𝑂 > 0

⎭
⎪
⎬

⎪
⎫

𝑁𝑁𝑂𝑂𝑡𝑡𝑡𝑡𝑇𝑇
𝑖𝑖=1            (12)     

Parameters 𝑎𝑎𝑚𝑚,𝑛𝑛 and 𝑏𝑏𝑚𝑚,𝑛𝑛 can be obtained by following formulas: 

𝑎𝑎11 = 0.8ℎ𝑖𝑖
𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖 𝑂𝑂𝑂𝑂𝑂𝑂 −0.25ℎ𝑖𝑖�1− 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖 𝑂𝑂𝑂𝑂𝑂𝑂 �+1

, 𝑎𝑎21 = −0.05ℎ𝑖𝑖
𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖 𝑂𝑂𝑂𝑂𝑂𝑂 −0.25ℎ𝑖𝑖�1− 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖 𝑂𝑂𝑂𝑂𝑂𝑂 �+1

𝑎𝑎12 = 0.05ℎ𝑖𝑖
𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖 𝑂𝑂𝑂𝑂𝑂𝑂 −0.25ℎ𝑖𝑖�1− 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖 𝑂𝑂𝑂𝑂𝑂𝑂 �−1

, 𝑎𝑎22 = −0.8ℎ𝑖𝑖
𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖 𝑂𝑂𝑂𝑂𝑂𝑂 −0.25ℎ𝑖𝑖�1− 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖 𝑂𝑂𝑂𝑂𝑂𝑂 �−1⎭

⎬

⎫
            (13) 
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𝑏𝑏11 = −ℎ𝑖𝑖 + 𝑎𝑎11  ，  𝑏𝑏12 = −0.2ℎ𝑖𝑖 − 𝑎𝑎12 

𝑏𝑏21 = 0.2ℎ𝑖𝑖 + 𝑎𝑎21，  𝑏𝑏22 = ℎ𝑖𝑖 − 𝑎𝑎22          
   �                                   (14) 

The variable ℎ𝑖𝑖 is the lamination parameter sensitivity normalized with respect to the numerically 
largest stiffness parameters sensitivity. 

  ℎ𝑖𝑖 =
𝜕𝜕𝜕𝜕

𝜕𝜕 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖 𝑂𝑂𝑂𝑂𝑂𝑂�

�𝜕𝜕𝜕𝜕 𝜕𝜕 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������𝑖𝑖 𝑂𝑂𝑂𝑂𝑂𝑂� �
max

                                                    (15) 

    More details about the selection and physical meaning of specific parameters please refer to reference 
[1].  
 
4 OPTIMIZATION FORMULA AND SENSITIVITY ANALYSIS 

Assume that each beam has the same winding layer thickness and the number of winding layers. The 
optimization formulas of composite frame in angle space are shown as follows: 

                     find   𝑿𝑿 = �𝜃𝜃𝑖𝑖,𝑗𝑗�                                                                         

min   𝒇𝒇 = 𝑼𝑼T𝑲𝑲𝑼𝑼                                                                       

s. t.   𝑲𝑲�𝓓𝓓n
e� 𝜃𝜃𝑖𝑖,𝑗𝑗��𝑼𝑼 = 𝑭𝑭                                                (16) 

𝜃𝜃𝑖𝑖,𝑗𝑗 ∈ [−90°, 90°]                                                            

𝑠𝑠 = 1,2, … ,𝑁𝑁𝑆𝑆𝑡𝑡𝑡𝑡 , 𝑗𝑗 = 1,2, … ,𝑁𝑁𝑙𝑙𝑙𝑙𝑦𝑦                                            

where the objective function f is the structural compliance. 𝜃𝜃𝑖𝑖,𝑗𝑗 is the filament winding angle. The 
subscript i and j denote the i-th beam and j-th layer respectively.  

In order to perform gradient-based optimization efficiently, the work adopts the semi-analytical 
method (SAM) (Lund [22]; Cheng and Olhoff [23]; Blasques and Stolpe [24]) which has highly 
computational efficiency and wide applications in the sensitivity analysis of finite element models. This 
section only gives sensitivity analysis method for the filament winding angle. And the sensitivity for the 
stiffness parameter (𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆������)𝑘𝑘 can be obtained in the same way. The sensitivity of the objective function 
with respect to design variable 𝜃𝜃𝑖𝑖,𝑗𝑗 is given as 

                         𝜕𝜕𝒇𝒇
𝜕𝜕𝜃𝜃𝑖𝑖,𝑗𝑗

= ∑ �𝜕𝜕𝑈𝑈𝑛𝑛
T

𝜕𝜕𝜃𝜃𝑖𝑖,𝑗𝑗
𝑲𝑲𝒏𝒏𝑼𝑼𝑛𝑛 + 𝑼𝑼𝑛𝑛

T �𝜕𝜕𝑲𝑲𝒏𝒏
𝜕𝜕𝜃𝜃𝑖𝑖,𝑗𝑗

𝑼𝑼𝑛𝑛 + 𝑲𝑲𝒏𝒏
𝜕𝜕𝑼𝑼𝑛𝑛
𝜕𝜕𝜃𝜃𝑖𝑖,𝑗𝑗

��𝑁𝑁𝑇𝑇𝑙𝑙𝑇𝑇
𝑛𝑛=1                             (17) 

where 𝑼𝑼𝑛𝑛 is the displacement vector of element 𝑠𝑠. 𝑲𝑲𝑛𝑛 is the corresponding element stiffness matrix of 
element 𝑠𝑠. Furthermore, making use of the equilibrium conditions 𝑲𝑲𝑛𝑛𝑼𝑼𝑛𝑛 = 𝑭𝑭 and assuming design 
independent loads, Eq. (17) can be simplified as 

                        𝜕𝜕𝒇𝒇
𝜕𝜕𝜃𝜃𝑖𝑖,𝑗𝑗

= ∑ −𝑼𝑼𝑛𝑛
T 𝜕𝜕𝑲𝑲𝒏𝒏
𝜕𝜕𝜃𝜃𝑖𝑖,𝑗𝑗

𝑼𝑼𝑛𝑛
𝑁𝑁𝑇𝑇𝑙𝑙𝑇𝑇
𝑛𝑛=1                                                    (18) 

The sensitivities 𝜕𝜕𝑲𝑲𝒏𝒏
𝜕𝜕𝜃𝜃𝑖𝑖,𝑗𝑗

  is implemented as 

   𝜕𝜕𝑲𝑲𝒏𝒏(𝜃𝜃𝑖𝑖,𝑗𝑗)
𝜕𝜕𝜃𝜃𝑖𝑖,𝑗𝑗

≈
𝑲𝑲𝒏𝒏��𝜃𝜃𝑖𝑖,𝑗𝑗�+𝑠𝑠∙𝒆𝒆𝑙𝑙�−𝑲𝑲𝒏𝒏�𝜃𝜃𝑖𝑖,𝑗𝑗�

𝑠𝑠
                                                (19) 

where s is the step size and 𝒆𝒆𝑙𝑙 is the unit vector of the l-th design variable and the step size s is set to 
1 × 10−6 in this paper. 

 
5 NUMERICAL EXAMPLE 

In the paper we consider a spatial eight-beam frame structure, loading/boundary conditions and 
geometric sizes are shown in Figure 4. The beam 5, 7 are applied with a axial concentrate force 
respectively. Fiber material properties are shown in Table 1. Assume each composite beam has the same 
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number of layers 𝑁𝑁𝑙𝑙𝑙𝑙𝑦𝑦 = 4. Each layer has a fixed thickness 𝑆𝑆𝑆𝑆𝑡𝑡𝑆𝑆𝑖𝑖 𝑁𝑁𝑙𝑙𝑙𝑙𝑦𝑦⁄ = 0.1𝑚𝑚𝑚𝑚. 𝑆𝑆𝑆𝑆𝑡𝑡𝑆𝑆𝑖𝑖  is the total layer 
thickness of the i-th composite beam. 

 

 
Figure 4: Eight-beam spatial composites frame 

 
E11 143 GPa 

E22 = E33 10 GPa 
G12 6 GPa 
G13 5 GPa 
G23 3 GPa 
υ12 0.3 
υ13 0.2 
υ23 0.52 
ρ 1800 kg/m3 

 
Table 1: Material properties of the uni-directional glass reinforced epoxy 

 
Numerical examples are carried out in two different types of initial micro fiber angle: the uniform 

initial angle 𝜃𝜃𝑖𝑖,𝑗𝑗 = 45°, 𝜃𝜃𝑖𝑖,𝑗𝑗 = 60° and the random initial angle. The optimization results for three kinds 
of micro fiber winging angles are shown in Table 2. Angles on the left are the winding angle of outer 
layers in Table 2. The iteration history of objective function is shown as Figure 5. 

 
Beam 

number 
Result with 45° 
 initial angle/° 

Result with 45°  
initial angle/° 

Result with random  
initial angle/° 

1 (-15.16/-5.34/0.56/0.57) (-15.28/-4.66/-1.80/-1.70) (-12.99/-4.80/-0.36/0.34) 
2 (-14.13/-5.11/-0.91/0.90) (13.82/-4.83/-1.37/-1.11) (-14.64/-6.39/-1.58/-1.54) 
3 (-15.16/-5.34/0.56/0.57) (-13.43/-5.69/0.14/0.27) (-12.88/-4.67/-0.10/-0.04) 
4 (-14.13/-5.11/0.91/0.90) (13.55/-6.40/-1.37/0.87) (-12.53/-4.68/-0.23/-1.57) 
5 (-0.81/-0.67/0.45/0.67) (0.81/-0.41/-0.35/0.41) (0.81/0.45/-0.29/-0.65) 
6 (16.24/13.87/-0.55/0.51) (17.67/11.65/-0.53/-0.49) (-16.68/-12.07/0.60/-0.18) 
7 (-0.81/-0.67/0.45/0.67) (0.81/-0.40/0.49/0.43) (0.79/-0.42/-0.47/-0.65) 
8 (-13.54/-6.96/-1.05/-1.04) (17.66/11.65/-0.53/-0.52) (-16.74/-12.07/-0.21/-0.82) 

     Obj 20.712 20.732 20.731 
 

Table 2: The optimization results of three kinds of initial fiber angle 
 



21st International Conference on Composite Materials 
Xi’an, 20-25th August 2017 

 
Figure 5: Objective iteration history with three kinds of initial fiber winding angle 

As shown in Figure 5, the minimized problem (min 𝐸𝐸
𝜃𝜃𝑖𝑖,𝑗𝑗

= {4𝑓𝑓1 + 𝑓𝑓2}) is solved twice and once in 

stiffness parameter space respectively when adopting uniform and random initial initial angles. The 
conversion times are relevant to the distance between the global optimum and initial point in 
optimization problem which is shown in Figure 3. Thus for different initial angles, the frequency of 
solving the stiffness parameter space optimization problem is different. The objective function nearly 
converge to a same value in the end of the optimization. 

As shown in Table 2, the values of objective function and optimal micro angle are very close in three 
examples with different initial angles. It is worth pointing out that a positive angle or a negative angle 
in a same value have the same contribution to the stiffness of the structure in this work. The concentrated 
loads are applied on the beams 5, 7 shown as figure 4. The whole structure have a torsional deformation 
and the beam 5, 7 mainly sustain axial tension. Winding angles in different layers have different effects 
on the structural stiffness. Observing the optimal winding angle, the outer fiber winding angle of beams 
1-4 and 6, 7 have a relatively larger value than inner winding angles which are close to zero (along the 
axis of beams). The Larger outer winding angle is more favorable to resist shear force caused by the 
twisting. All the fiber winding angles of beam 5 and 7 are close to zero to improve the axial stiffness.   

According to the optimization result and objective function iteration history as shown in Table 2 and 
Figure 5, the two-step method can obtain an approximate global optimal solution in composite frame 
structure optimization when using three kinds of initial fiber winding angle as design variable. The 
method effectively overcome the dependence on initial value in traditional gradient-based optimization 
algorithm. 

To further verify the validity of the two-step optimization scheme, particle swarm optimization (PSO 
Particle swarm optimization) is adopted to solve the example. Table 3 shows the optimal result of the 
PSO method with 35 particles. 

 
Beam number Optimized fiber winding angle/° 

1 (-13.67/-5.80/-0.88/0.14) 
2 (-13.94/-5.39/-0.85/-0.13) 
3 (-14.03/-5.80/-0.86/-0.14) 
4 (-13.88/-5.42/-0.80/-0.15) 
5 (0.17/0.06/-0.06/-0.86) 
6 (-17.15/-12.79/0.12/-0.00) 
7 (0.04/-0.13/-0.00/-0.05) 
8 (-17.22/-12.89/-0.02/-0.00) 

Obj 20.708 
 

Table 3: The optimization results of particle swarm optimization 
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 The final objective function value in PSO method is 20.708. Comparing with the result in PSO, the 

optimal objective function value of two-step optimization scheme have the relative errors 0.019%, 
0.12% and 0.11% for the three different initial angles, respectively. The result obtained by the two-step 
optimization scheme can be regarded as an approximate global optimal solution. 

The optimal micro fiber winding angles shown in Table 3 are similar to those shown in Table 2. 
Although there is a little difference on the value of angle, the overall trend of the angle distribution is 
the same. The optimization results of two-step method and particle swarm algorithm reflects that the 
feasible region of optimization is multimodal and complex for composite material when considering 
fiber winding angle as design variables. Global optimal solution is surrounded by many similar local 
peak point. Despite some intelligent algorithms can obtain relatively credible global optimal solution, 
the computational efficiency of these intelligent algorithms is much lower than the two-step optimization 
method proposed in the paper. 

 
6 CONCLUSION 

A two-step optimization scheme to solve the problem of local optimal solution when using fiber 
winding angles as design variables is proposed. The equivalence stiffness of composite beam with circle 
cross-section is derived. A minimizing optimization problem in the structural stiffness parameter space 
is established and realizes the conversion of the design space from a non-convex domain to a convex 
domain. The validity of the two-step optimization scheme is verified by three cases which have different 
initial fiber winding angle. The optimal fiber winding angles are reasonable according to the load 
conditions. The optimized results are compared with the global optimal solution in PSO method. 
Numerical examples show that the proposed two-step optimization scheme can effectively avoid the 
local optimum difficulty with winding angles as the design variables and obtained the approximate 
global optimal solution. 
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