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ABSTRACT 

Acoustic black hole (ABH) structure has been developed as an approach for attenuating structural 

vibration and manipulating wave propagation. Since energy concentration property of a single ABH 

structure is limited in its operating frequency range, it is needed to extend the low frequency performance 

of ABH systems for vibro-acoustic application and wave manipulating in low frequency. In this study, 

a thin plate with embedded periodic array of imperfect ABH structures is investigated for wave 

propagation study. Dispersion relations and displacement fields of eigenmodes calculated by the finite 

element method (FEM) change dramatically compared with the plate with periodic traditional ABH 

structures. Among these dispersion curves of the proposed structures, the flat band can easily be 

observed. The position of degenerate points and the symmetry of corresponding eigenmodes at the high 

symmetric point turns out to be different from these occurring in the case for periodic traditional ABH 

structures. Dispersion relations and eigenmodes of the proposed structures are effected by the key 

geometry parameters of ABH region. The thickness and the radius of the plateau in the middle, which 

is concerned primarily, have a great influence on dispersion relations. This study will aid in exploring 

the performance of wave propagation of the imperfect ABH systems below cut-off frequency. 

 

1 INTRODUCTION 

The Acoustic Black Hole (ABH) in thin-walled structures with a tailored power-law-profiled 

thickness, produces a reduction of the phase velocity of bending wave, and thus achieves energy 

concentration. Typical thickness profiles are with the form of h(x)=εxm(m>2), such that the local phase 

velocity of the flexural waves reduces gradually and approaches zero theoretically when reaching the 

zero-thickness end of the tapered wage [1]. However, the ideal ABH is difficult to be manufactured, 

because truncations always exist at the edge or center of ABH. Typical two-dimensional ABH structures 

investigated in the literature usually contain a hole [2-4] or a circular plate of constant thickness located 

at the center of the indentation area [5]. Inevitably, these will affect the properties of ABH structure. 

Experimental measured frequency responses of two-dimensional ABHs, with a small central hole, were 

reported [2, 3] and these researches showed that the structural geometry parameters have influence on 

ABH phenomenon. In the absence of damping, the property of wave focalization of ABH structure can 

be developed as a method for manipulating the propagation of the flexural wave [6]. This property also 

can be utilized to control vibration and noise, which can be achieved by coating a small amount of 

damping materials at the ABH region to absorb focussed energy [7, 8]. 

For a single ABH structure, the wave must interact effectively with ABH structures to obtain 

effective wave focalization. The wavelength of the incoming wave should be at least of the same order 

or smaller than the diameter of the ABH structures for effective wave focalization, which indicates the 

existence of cut-off frequency. Therefore, the characteristic of wave focalization of ABH structure is 
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hampered when the vibrating frequency is below the cut-off one. It is necessary to extend and optimize 

the low-frequency-performance of ABH systems. The vibro-acoustic properties of a plate embedded 

with multiple two-dimensional traditional ABH structures was investigated and results show that the 

periodic array of ABH structure can improve its low frequency performance [4, 9]. The preliminary 

exploration of the propagation of wave in a plate with embedded periodic array of traditional ABH 

(PTABH) structures also was carried out [10].  

In previous work, it has been proved that the energy focalization point in the imperfect ABH structure 

is different from that in traditional one [5]. Then it is much significant to analyse wave propagation 

characteristics in plate with embedded periodic array of imperfect ABH (PIABH) structures. The goal 

of this research is to investigate the eigenstate, which will aid in analysing the wave motion in PIABH 

structures. Therefore, we only focus on the study of dispersion relations and eigenmodes using finite 

element method (FEM) here. The results of PIABH case were compared with the PTABH one. The 

infection of key parameters of imperfect ABH was also analysed. 

 

2 MODEL DESIGN AND SIMULATION 

This section includes two parts: The first introduces the PIABH structure and the imperfect ABH 

indentation. A brief introduction of the 3D FEM used to calculate the dispersion relations was shown. 

Then the supercell plane wave expansion (PWE) method was also used to calculated dispersion 

relations. It can be found that the FEM is a more efficient method for calculating dispersion relations of 

infinite periodic ABH structures compared with PWE method. 

 

2.1 PIABH structure design 

The considered structure is a thin plate with embedded multiple imperfect ABH structures to form a 

two-dimensional square lattice with lattice spacing a (the lattice is 0.24 m in all numerical study), as 

show in Fig.1 (a). The z axis is along the plate thickness direction. Fig.1 (b) illustrates the schematic of 

the unit cell. The taper profile of the imperfect ABH structure can be seen in Fig.1 (c). The thickness of 

the plateau in the middle is equal to h1 when r≤r1, and then the thickness of the tapered regions change 

gradually according to the function of h(r)=a(r-r1)
m+h1(r≤r1). The extreme case with h1=r1=0 and m≥

2 corresponds to an ideal ABH structure. The thickness of ABH regions gradually change as following  
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where h1 is the constant thickness of the middle platform and the residual thickness of the tapered region. 

The material parameters are given in Table 1. 

 

 

Figure 1: (a) Schematic of the thin plate with periodic imperfect ABH structures and the first Brillouin 

zone, (b) Supercell used for the FEM model, (c) Nonideally profiled ABH indentation. 
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Material Density  3/kg m  Young's modulus  1010E Pa  Poisson’s ratio  

Aluminum 2700 7×1010 0.33 

 

Table 1: Material parameters for structure 

2.2 Finite element analysis

The wave solutions in the elastic plate with stress-free boundary condition can be determined 

completely by the elastic equation 
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where the ρ is the density and uj  is the displacement component. In order to investigate the wave 

propagation characteristics of the proposed periodic plate-type structure, the dispersion relations and 

eigenmodes were calculated based on FEM and Bloch theory. For the unit cell shown in Fig.1 (b), stress-

free boundary conditions were imposed naturally on the plate surfaces normal to z-direction, and 

periodic boundary conditions were applied to the interface between the nearest unit cells according to 

the Bloch-Floquet theorem 

ui(x1+a,x2+a,t)=ui(x1,x2,t)ei(kxa+kya),(i=1,2,3) (3) 

where kx and ky are the components of Bloch wave vector limited in the irreducible first Brillouin zone. 

By sweeping the Bloch wave vector, the generated eigenvalue problem can be solved by FEM. 

COMSOL Multiphysics, a commercial software, was adopted to implement the FEM calculation 

procedures. Then the dispersion curves and mode shape can be obtained. 

It is necessary to provide evidence supporting the FEM’s ability to perform Bloch calculations. The 

dispersion relations of the plate with periodically embedded imperfect ABH structure using the supercell 

PWE method [10, 11] were compared with the results of using the FEM. The dispersion curves of the 

imperfect ABH cell for m = 2, r1 =0.02 m, r2 =0.1 m and h1 = 0.0012 m are shown in Fig.2. The solid 

line represents the dispersion relations with finite element analysis. The dashed line correspond to the 

results obtained from supercell PWE method, where 169 reciprocal vectors in xy plane and 3 Fourier 

components in z direction were used. The results of the FEM match well with those of the supercell 

PWE method, indicating the capability of Bloch calculation using FEM.  

It is worth noting that the structural characteristic of ABH results in the inhomogeneity of thickness 

of the thin plate, which has a significant effect on the convergence of the supercell PWE method. To 

illustrate this effect with quantitative analysis, the difference of the results given by the two methods is 

shown in Fig.3, when the thickness of the central circular plateau varies. The vertical axis δ represents 

the average error of the first m eigenfrequency calculated using the two methods. The value δ is given 

by 
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where f
m

FEM
 and f

m

PWE
 are the m-th eigenfrequency calculated by FEM and PWE methods (The number 

of the reciprocal vectors in xy plane and the Fourier components in z direction are 169 and 3.) 

respectively for a given Bloch wave vector. It can be observed that thinner thickness of the central 

circular plateau creates greater difference between the results of the two methods. The PWE method 

needs more reciprocal vectors in xy plane to obtain more accurate results and will costs more central 

processing unit (CPU) time. Therefore, the convergence of the PWE method is extremely slow, when 

the minimum structural thickness in the center is much thin. So the FEM was chosen as the more 

efficient method to calculate dispersion relations. 
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Figure 2: Dispersion curves of  the supercell PWE method and the FEM. The solid and dotted lines 

present results of PWE and FEM, respectively. 

 

Figure 3: Calculation error between PWE and FEM methods with the variation of the thickness h1 at 

symmetry points Γ, X, M. 

3 NUMERICAL RESULTS AND DISCUSSION 

Dispersion relations and eigenmodes of proposed PIABH structure were investigated in this 

section and the purpose of these simulations was to indicate that the performance of wave 

propagation in proposed PIABH structure is different from PTABH case. Then the influence of 

some defining parameters (i.e., thickness, power index, radius) on dispersion relations was also 

analyzed. 

 
3.1 Dispersion relations and eigenmodes 

In this section, the band structure of the proposed PIABH plate was calculated using the FEM, as 

shown in Fig.4 (a). The PIABH example consists of a 0.005-m-thick aluminum plate with tapers 

characterized by m = 2, r1 =0.02 m, r2 =0.1 m and h1 = 0.0002m. For purpose of comparison, the plate 

embedded with periodic array of traditional ABH structure (Similar structure has been researched in 

Ref. [10]) was also considered, where the same radius r2 and residual thickness h1 in the center are 

chosen. The results of PTABH are presented in Fig.4 (b). For both cases, a narrow band gap can be 

found between the third dispersion relation and the second one along the XM direction in both PIABH 

and PTABH structures. 

The significant difference is the flat band, meaning that the vibrational modes of the proposed 

structure is insensitive to the direction of incident wave at this frequency. The flat mode can be observed 
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in the PIABH case, while this only appears in the PTABH one with large parameter m [10]. Because of 

the presence of plateau, the band structures are disturbed and then more crossing-cover points are 

produced. It can be noted that there are more modes in unit frequency space for PIABH case. 

 

 
Figure 4: Dispersion relations along the irreducible part of the first Brillouin zone: (a) the PIABH case 

and (b) the PTABH case 

The wave propagation in an ideal two-dimensional phononic crystal can be decoupled into the in-

plane modes (x-y plane) and the out-of-plane modes [12]. However, the modes in periodic plate structure 

are classified into flexural (antisymmetric), longitudinal (symmetric), and transverse (horizontal shear) 

waves because the modes in the plate are coupled.  

To investigate the influence of the imperfect ABH structure on wave modes in the dispersion 

relations, the polarization of specific modes was analyzed. The displacement field of the flat mode (A) 

observed in Fig.4 (a) is show in Fig.5 (a). It shows obvious local mode which can be characterized by 

monopole modal displacement field. For the PTABH case, the local mode shown in Fig.5 (b) is found 

at point A’ labeled in Fig.4 (b). However, it can be seen that the corresponding branch is not a flat band.  

Another significant difference is the change of the degenerate points called Dirac-like point [13, 14] 

at the high symmetric M point. The Dirac-like point are expected to produce some new wave propagation 

properties [15]. The displacement fields of the double degenerate B and B’ at the high symmetry M point 

are shown in Figs. 6 (a)-(b) and (c)-(d) respectively. For the PIABH case, the displacement fields present 

a dipolar field pattern with a symmetry plane parallel to the xz plane or zy plane, while the dipolar field 

pattern of the PTABH case has a different symmetry plane. In other words, the wave fields in the plate 

with PIABH structure are different from that in PTABH one. 
 

  
Figure 5: Eigenmode shape of the supercell at A labeled in Fig.4 (a) and A’ in Fig.4 (b). 

(a) (b) 
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Figure 6: Eigenmode shape of the supercell at double degenerate point B labeled in Fig.4 (a) and B’ in 

Fig.4 (b). 

3.2 Influence of geometry parameters 

It has been proved that the geometry parameters of the taper region have a great effect on the 

characteristics of single imperfect ABH in previous work [5]. Thereby, these parameters should also be 

taken into account to analyze the influence on dispersion relations and eigenmodes of the proposed 

structures.  

To investigate the influence of the thickness of the plateau in the middle, the parameters of the tapered 

regions are taken as m = 2, r1 =0.02 m, r2 =0.1 m, where h1 varies from 0.0002m to 0.0008m. The radius 

of the ABH region r2 is consistent in all numerical models. From Figs. 7 (a)-(c), it can be seen that the 

flat band is gradually disappear with the increase of the residual thickness of the tapered region. The flat 

mode is related to the local mode. The local vibration becomes more obvious with the decrease of the 

thickness h1. The case with h1=0.0008m shows little difference from that with h1=0.0006m. 

 

 

(a) (b) 

(c) (d) 
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Figure 7: Dispersion relations for different thickness of the plateau: (a) h1=0.0002m, (b) h1=0.0006m, 

(c) h1=0.0008m. 

The other key design parameter is the power index m. The dispersion relations are shown in Figs. 8 

(a)-(c) for m=1.5, 2, and 3 when r1 =0.02 m. For all cases, the thickness of the plateau in the middle is 

constant and equal to 0.0002m by properly adjusting the coefficient a. There are more modes in unit 

frequency space when m is larger. Furthermore, of particular interest is that much more flat band can be 

seen when m=3. 

Besides, the influence of radius r1 of the circular plateau on dispersion relations is illustrated in Figs. 

9 (a)-(c), where h1=0.0002m and m=2. Overall, the flat band can easily come into being when radius is 

larger. The dispersion relations are gradually close to these of the PTABH case with the decrease of 

radius. That is because the local mode produced by the plateau in the middle generates less disturbance 

on the mode of entire structure. 

 

 
Figure 8: Dispersion relations for different power index: (a) m=1.5, (b) m=2, (c) m=3. 

 
Figure 9: Dispersion relations for different radius of the plateau: (a) r1 =0.02 m, (b) r1 =0.01 m, (c) r1 

=0.005 m. 
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4 CONCLUSION 

In this paper, dispersion relations of the plate with embedded periodic imperfect ABH structures 

were investigated. The dispersion curves of this structure are of interest, due to the existence of plateau 

in the middle of tapered region.  

The proposed periodic structure has different dispersion relations compared with the similar periodic 

structure consisted of traditional ABH. The flat band can be seen in the PIABH case but not in PTABH 

case, when the power index m is equal to 2. By analyzing the eigenmodes of double degenerate points, 

we observed that the symmetry of the dipolar field pattern for the PIABH case differs from that in 

PTABH case. The influence of the key parameters of tapered profile on the dispersion curves was also 

analyzed. Results indicate that the thickness of circular plateau in the middle and the power index m 

have a greater impact on the dispersion relations than the radius of the plateau. However, these relations 

show little difference from the traditional case, when the thickness of the plateau is thicker and the radius 

is extremely small. This study is relevant to understanding the wave motion of the plate with periodic 

arrays of imperfect ABH structure.  

Future work should be carried out to study the vibration properties and to achieve the goal of 

manipulating wave propagation in thin plate structures according to the specific dispersion relations 

investigated in this paper. 
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