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1 Introduction 

Composite materials have gained their acceptance 
among structural engineers during the last decades. 
In recent years, a substantial amount of airframe 
research has focused on developing advanced 
composites for use as heavily-loaded primary 
structures such as wing, fuselage and empennage 
components for both commercial and military 
aircraft [1]. 
Delamination is an important failure mode in 
laminated composite structures due to their low 
interlaminar fracture toughness. Through-thickness 
reinforcements, such as z-pinning, stitching, 3D 
weaving and braiding, can remarkably delay and/or 
resist delamination propagation in laminates [1-13]. 
Z-pinning technology has emerged in 1990s as a 
practical and cost-effective method in improving 
delamination resistance and already has shown a 
variety of potential applications in engineering 
structures. 
According to Freitas et al [6], short z-pins can be 
carbon and glass fiber, titanium, stainless steel or 
aluminum etc. For fibrous pin at larger deflection, 
the fiber tow can be split in the form of micro cracks 
running parallel to the fibers within the pin. The 
strands formed by splitting slide relative to each 
other to accommodate large shear strain, which 
limits the magnitude of bending moment carried by 
the tow [7]. In contrast, metallic pins can have 
relatively higher bending resistance than fibrous 
ones. Therefore it is important to study the effect of 
bending moments reacted by a z-pin within crack 
bridging zone on crack growth resistance [11]. 
In this paper, a new discrete analytical model for 
metallic z-pin is presented to consider the traction 
loadings combining the axial force and bending 
moment of the z-pin. Geometrical and material 
nonlinearity of the z-pin model are taken into 
account in the bending moment calculation. The 
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virtual crack closure technique (VCCT) is used to 
calculate mode I strain energy release rate (SERR) at 
the crack tip. Some numerical results are presented 
and discussed and shown to be in agreement with 
existing experimental and numerical results. 
 

2 Basic Model and Concepts 

Consider a DCB specimen reinforced with discrete 
z-pin rows as shown in Fig. 1. The total length, 
width and thickness of the DCB specimen are L, B 
and 2H, respectively. Each row may have more than 
one z-pin dependent on the z-pin area density and 
the pitch distance dp between the z-pin rows along 
the crack extension direction. The initial crack is 
created in the laminate mid-plane with length a0. 
The distance of the initial crack tip to the first row of 
the z-pins is denoted by as. With an increase in the 
crack opening displacement δ and the induced 
external load P, the crack propagates along the mid-
plane. When the delamination crack propagates into 
the z-pinned zone, the z-pins in the crack wake will 
exert the bridging traction loads and bending 
moments to limit the creation of delaminated crack 
surfaces. Thus a higher external load, compared to 
an un-pinned case, is developed in further crack 
propagation. Therefore z-pins can improve the 
delamination toughness of composite laminates. 
The basic assumptions for developing the axial 
force-displacement relationship are similar to that 
presented by Jain and Mai [4] for independent 
through-thickness stitches. It is assumed that the z-
pin is circular cylindrical and the bond between 
matrix and z-pin is completely frictional. The 
deformation in the matrix is assumed to be 
negligible. The frictional shear stress at the matrix-
pin interface is also assumed to be a constant value. 
In this paper the effect of fiber abrasion or matrix 
crumbling during z-pin stretching, bending action 
and pull-out is neglected. No z-pin breakage occurs 
which is usually the case in mode I delamination of 
DCB specimen with small thickness and 
independent z-pinning reinforcements. 
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The Timoshenko beam theory is used to consider the 
effect of the shear deformation of the delaminated 
substrate. That assumes constant rotations of the 
cross sections for shear load with a shear 
deformation coefficient considered in the calculation 
of the shear deformation of the beam. When 
considering the shear deformation of the substrate at 
the crack tip, the zero slope of the substrate 
deflection curve, which is imposed in this study, will 
result in rotation of the cross section plane of the 
substrate at the crack tip. 
A simple analytical z-pin model with the span from 
the centroid axis of the substrate to the assumed 
symmetrical delamination plane is developed in the 
derivation of the bending moment reactions of the z-
pins to the substrate. The local elastic deformation in 
the matrix due to bending reaction of the z-pin is 
assumed to be negligible. In order to consider the 
elastic-plastic behavior of the metallic pin which 
may happen in bending action, a nonlinear stress-
strain power law of the z-pin material is employed 
 

3 Modeling of a Metallic Pin 

3.1 Axial Forces-Displacement Relation of Z-Pin 

The axial force-displacement relation for the pull-
out of a single z-pin is based on frictional model [4]. 
The axial force in the z-pin can be written as 
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and τ is the frictional shear stress at the matrix-z-pin 
interface. df is the diameter of the z-pin, δf is the 
crack opening displacement at the z-pin location. 
U(ξ1) and U(ξ2) are the Heaviside step functions. 
The extensibility ratio r is defined as 
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where Af and Ef are the cross-sectional area and the 
Young’s modulus of the z-pin, respectively. 
To consider the nonlinear behavior of bending 
moment of metallic z-pin, a simple non-linear 
material model is employed and the stress-strain law 
is represented by the Ludwick relation, i.e. 

n/1
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where σ is the stress, ε is the permanent or elastic 
small strain at a point of a cross section of the beam, 
and σ0 and n are given material constants which can 

usually be found in Ref. [14]. This relation applies 
primarily to metallic material of work harden type. 
The maximum extensibility ratio r for nonlinear 
elastic material of work harden type is given by 
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3.2 Analytical Beam Model of Z-Pin 

Due to symmetrical assumption in Section 2, an 
analytical beam model between the crack plane at 
end A and the centroid of delaminated arm B at z-pin 
row location is provided to develop the traction 
force and bending moment of a single z-pin to the 
delaminated arm as shown in Fig. 2. The rotation at 
end B is denoted by ψr which is the rotation of the 
cross section of the delaminated arm at a z-pin row 
location. The rotation at end A is zero due to 
symmetry. The span of the z-pin model Lr is 
approximately the sum of deflection wr and half the 
thickness of the delaminated arm. 
The symmetrical constraining tensile force T and 
bending moment MA are applied at end A. For 
equilibrium of the force system, the sum of the 
constraining forces at end A and B should be zero. 
The internal force T and bending moment MB at end 
B are schematically shown in Fig. 2. Neglecting the 
uneven pressure at the interface of the matrix-z-pin 
due to rotation ψr in obtaining the axial force F of 
the z-pin in Section 3.1, the resultant force T at end 
B can be considered as the sum of the axial force F 
and the uneven normal pressure acting on the z-pin 
cylinder, i.e. T = F/cosψr. From Fig. 2, the bending 
moment at a location x on the central axial of the 
beam is 
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For a uniform circular cross-section Bernoulli-Euler 
beam of non-linear elastic Ludwick type materials, 
assuming that the average axial tensile strain is small 
compared to the maximum bending strain, the 
nonlinear differential equation for the deflection of 
the z-pin beam model is given as follows: 
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and df  is the diameter of the z-pin, coefficient β can 
be determined by the following integral: 
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The boundary conditions of Eq. (7) are as follows: 
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Similar to solving the differential equation of the 
delaminated arm, the numerical integration of Eq. (7) 
is conducted by using the fourth order Runge-Kutta 
method with the first two initial conditions in Eq. 
(10). There are two controlling unknown parameters 
in Eq. (7), i.e. MB and δv. Again the shooting method 
[15] is employed in two procedures: one is for an 
assumed MB, determining the deflection δv at end B; 
the other is determining the required bending 
moment MB, which results in the prescribed rotation 
ψr at end B. 
In the above derivation, the bending moment was 
obtained for metal materials of the Ludwick type. 
For a linear elastic material, i.e., n = 1 and σ0 = Ef, 
the bending moment MB for small deformation, 
which means 11 2  y , can be solved in a closed-
form solution as follows: 
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It is worth pointing out that the bending moment MB 
on the z-pin for linear elastic material constants may 
become so large that the bending stress on the beam 
is beyond the ultimate tensile strength of the 
material. In fact, bending stresses on ductile pin 
exceed the yield limit and plastic bending occurs. 
Consider an extreme case: for a z-pin of circular 
cross section with diameter df, an ultimate condition 
of plastic bending, namely the plastic hinge, is 
reached, and the limit plastic bending moment is 

63
max ftu dM     (12) 

where σtu is the ultimate tensile strength of the 
material.  
After obtaining the resultant force T and bending 
moment MB at end B for a single z-pin,  the bridging 
load and moment of a z-pin row (with m z-pins) to 
the delaminated arm are given by 
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4 Formulation of Strain Energy Release Rate 

For unidirectional DCB specimen mode I 
delamination test, GI can be considered as the total 

strain energy release rate. The SERR GI at the crack 
tip is calculated using the virtual crack closure 
technique (VCCT) and employed as the fracture 
toughness of the DCB specimen mode I 
delamination. This method is based on Irwin’s 
contention that if a crack extends by a small amount 
Δa, the energy absorbed in the process is equal to 
the work required to close the crack to its original 
length. 
For a crack length a, the constraint shear force and 
moment at the crack tip are aQ0  and aM 0 , 
respectively, the rotation of the cross section of the 
substrate at the crack tip is a

0 . Assuming a virtual 

crack extension Δa, the deflection Vw  and the 

rotation of the cross section V
  of the substrate at 

the original position of the crack tip can be obtained. 
The constraint shear force and moment at the virtual 
crack tip are VQ0  and VM 0 , respectively, the rotation 
of the cross section of the substrate at the virtual 
crack tip is V

0 . The strain energy release rate GI at 
the crack tip can be calculated as follows: 
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To obtain the critical strain energy release rate, due 
to z-pinning, GIR, the applied loading conditions 
corresponding to the intrinsic unpinned critical strain 
energy release rate GIC at the crack tip should firstly 
be iteratively searched. Then by removing all the z-
pinning traction loads and moments, the strain 
energy release rate can be re-calculated by the same 
geometry and applied loading conditions, and this 
new value of strain energy release rate is GIR. 
 

5 Results and Discussion 

5.1 Load-Displacement Curve of Unpinned DCB 

Consider a z-pin reinforced DCB specimen with 
initial crack length a0=50mm, the total thickness of 
DCB 2H=3mm and the width B=20mm. The DCB is 
made of unidirectional (UD) IMS/924 carbon/epoxy 
composite [8-10,13], and the elastic properties for 
the DCB specimen are: E11 = 143 GPa (unpinned 
specimen), G12 = 4.4 GPa. 
The critical strain energy release rate GIC can be 
obtained from the experimental data of unpinned 
DCB specimen delamination test. Due to 
uncertainties such as the exact initial crack length, 
the initial shape of crack front, resin rich or resin 
starved condition at the initial crack tip, etc., the 
load and the corresponding crack opening 



displacement at the beginning of the crack extension 
may not be reliable to calculate GIC accurately. The 
load-deflection experimental data during stable 
crack growth can be used to calibrate GIC value for 
given material constants and geometrical properties 
of the DCB specimen. An approximate GIC value of 
270 J/m2 can be obtained based on fracture 
mechanics. The load-displacement experimental data 
of an unpinned DCB specimen test and the 
numerical results together with two variations of GIC 
are shown in Fig. 3. The critical strain energy release 
rate GIC = 270 J/m2 was used for z-pin reinforced 
UD IMS/924 DCB specimen mode I delamination at 
the crack-tip zone. 
Tensile tests [13] on z-pin of diameter 0.51mm made 
from titanium or T300/BMI revealed that the 
titanium pins had a yield stress of 1100 MPa and an 
ultimate tensile strength of 1230 MPa. The 
T300/BMI pins are linear elastic till failure strength 
of 1200 MPa. For UD composite substrate, the 
frictional shear stress τ is 15 MPa for titanium pins 
and 19 MPa for T300/BMI fibrous pins. The 
material modulus [16] for T300/BMI pin is Ef 
=138.6 GPa. The material properties of the titanium 
pin are: Young’s modulus Ef =105 GPa, equivalent 
material constants of work harden type σ0 = 2737 
MPa, n = 5.0 according to tensile tests data and Ref. 
[17]. Assuming the material properties and the 
frictional shear stresses in pin-matrix interface for 
different diameters are the same as the experiment 
results [13]. 

5.2 Comparison of P-δ and GIR-a Curves with 
Bending Effect of Titanium Z-Pins 

To analyze the bending effect of z-pin with different 
sets of material constants which contribute to the 
delamination resistance of z-pinned DCB specimen 
test, consider titanium z-pinning reinforcements in a 
UD IMS/924 DCB specimen mode I delamination 
test [8-10,13]. The geometrical parameters and 
material properties of a DCB are given in section 5.1. 
The distance of the initial crack tip to the first row of 
the z-pins is 1 mm. The diameters of z-pin 
considered are 0.28 mm and 0.51 mm. The z-pin 
area densities of 0.5%, 1% and 2% are studied. The 
bending effect of the z-pins on P-δ and GIR-a curves 
based on both the work harden material constants 
and linear material constants with fully plastic 
bending moment shows an increase in load P and 
GIR values. This study shows that the diameter of the 
z-pin, which is directly related to the capacity of the 
bending resistance of the z-pin, is the predominant 
factor in the bending effect of the z-pin. The larger 

the diameter of the z-pins, the more increase in 
bending effect on delamination resistance. Higher z-
pin densities show moderate increase in 
delamination toughness representing that a greater 
proportion of plastic bending behavior of the z-pin is 
developed. An average increase of approximate 3-
4%, 7-10% in load P and GIR values after the full 
development of the crack bridging zone are observed 
for the z-pin diameter of 0.28 mm and 0.51 mm, 
respectively. Numerical results of the bending 
effects on the P-δ and GIR-a curves of the DCB 
specimen for z-pin diameter of 0.28 mm, 0.51mm 
with area density of 1% are shown in Fig. 4 and Fig. 
5, respectively. 

5.3 Comparison with Experimental Data and 
Some Preceding Results 

Consider a mode I delamination test of a UD 
IMS/924 DCB specimen reinforced with T300/BMI 
z-pins with a diameter of 0.28 mm and an area 
density of 0.5% in [9]. The initial crack length is 
50mm. The z-pins are distributed within a band of 
25 mm in length starting at about 1.5 mm beyond the 
initial crack tip adapted according to crack length 
curves in [9]. The experimental data and numerical 
results of the force-displacement curves together 
with the FE results in [8] are shown in Fig. 6 where 
the abscissa is half the crack opening displacement δ 
as defined in this paper. The FE result in [8] was 
obtained by using shell element modeling the 
composite laminate with transverse shear 
deformations. The critical loads for initial 
delamination propagation calculated are almost the 
same as the experiment result, about 40 N as 
indicated by the first sudden drop of the load. The 
“stick-slip” behavior of the load-displacement 
curves is the typical phenomenon for the presence of 
a new z-pin row and is more apparent for smaller z-
pin densities. The maximum load of about 80 N is 
observed in the region at about the displacement of 8 
mm to 10 mm for all curves in Fig.6. The analytical 
results from these two modeling methods are 
reasonable and agreeable to the experimental data 
except for minor discrepancies possibly because of 
the indeterminate factors in the experiment and 
different modeling methods of the specimen. 
The delamination resistance curve calculated using 
VCCT in this study is shown in Fig. 7 together with 
two other curves taken from [9], which were 
obtained from the corrected beam theory and the 
adapted data analysis method, respectively, on the 
basis of experimental compliance data results using 
some correction factors and modifications of axial 
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modulus and GIC for the specimen, and another 
curve of FEA results taken from [10]. Both the 
pattern and magnitude of the GIR–a curve calculated 
using the present approach are reasonable and 
consistent with these previous results. 
It is interesting to note that the present analytical 
results are in good agreement with the FEA results 
[10] except for minor difference after reaching 
saturation of the crack bridging zone which is in part 
due to the consideration of bending effect of the z-
pins. 
 

7. Conclusion 

In this paper, a new simple analytical beam model is 
proposed to consider the bending effect of z-pins on 
mode I delamination toughness of DCB specimen. 
The geometrical and material nonlinearities and 
loading conditions of the z-pin model are employed 
to take into account the interaction of the bending 
moment and axial load. The numerical analyses of a 
DCB specimen reinforced with titanium z-pins 
reveal favorable contributions of the bending effect 
of the z-pins to the delamination toughness of DCB 
specimens. The load-displacement curve and GIR-
crack length curve of a DCB specimen based on the 
analytical beam models of the substrate and the z-
pins proposed in this study are calculated and 
validated against the available experimental and 
numerical results. 
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Fig.1. Schematic representation of a z-pinned DCB 
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Fig.2. Nonlinear analytical beam model for a single 
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Fig.3. Load-displacement curves for unpinned DCB 

specimen 
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Fig.5. Influence of bending effect of z-pins on GIR-
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Fig.6. Comparison of load-displacement curves from 
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